Eigenvalues and Quasirandom Hypergraphs 



John Lenz Dhruv Mubayi * 

University of Illinois at Chicago University of Illinois at Chicago 
lenz@math.uic.edu mubayi@math.uic.edu 

October 4, 2012 



Abstract 

Let p(k) denote the partition function of k. For each k > 2, we describe a list of 
p{k) — 1 quasirandom properties that a /c-uniform hypergraph can have. Our work 
connects previous notions on hypergraph quasirandomness, beginning with the early 
work of Chung and Graham and Frankl-Rodl related to strong hypergraph regularity, 
the spectral approach of Friedman-Wigderson, and more recent results of Kohayakawa- 
Rodl-Skokan and Conlon-Han-Person-Schacht on weak hypergraph regularity and its 
relation to counting linear hypergraphs. 

For each of the quasirandom properties that are described, we define a hypergraph 
eigenvalue analogous to the graph case and a hypergraph extension of a graph cycle 
of even length whose count determines if a hypergraph satisfies the property. Our 
work can therefore be viewed as an extension to hypergraphs of the seminal results of 
Chung-Graham- Wilson for graphs. 

Our results yield the following applications. First, motivated by Sidorenko's Con- 
jecture on the minimum homomorphism density of bipartite graphs in arbitrary graphs, 
we show that an analog of the conjecture for hypergraphs holds for a variety of hy- 
pergraph cycles. These are the first infinite families of hypergraphs with minimum 
degree two where this has been verified. Second, we give an efficient certification al- 
gorithm for hypergraph quasirandomnes which leads to an efficient strong refutation 
algorithm for random fc-SAT. For n-vertex, fc-uniform hypergraphs with k > 4 and 
at least n k / 2+Vk ~ ed ges, we provide an algorithm with running time 0(n kljj polylogn) 
that certifies quasirandomness for almost all hypergraphs. This improves the previous 
best running time for such certification due to Coja-Oghlan-Cooper-Frieze and Han- 
Person- Schacht, in addition to also certifying a stronger quasirandom property than 
these previous results. 
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1 Introduction 



The study of quasirandom or pseudorandom graphs was initiated by Thomason [7H 175] 
where he studied deterministically constructed graph sequences Q = {G„}„-->oo that behaved 
similar to the Erdos-Renyi random graph G(n,p). Thomason introduced the notion of jum- 
bled graphs, which are graphs where the density of edges in every large subset of vertices 
does not deviate very far from the expected number of edges that the random graph would 
have. Thomason supplied several examples of explicitly constructed jumbled graphs, found a 
polynomial time checkable property for jumbled graphs, and investigated many of the prop- 
erties of these graphs. In a subsequent paper, Chung, Graham, and Wilson [18] , building on 
this and other work, provided a list of (deterministic) properties of graph sequences which 
were inspired by G(n,p) and proved that these properties are equivalent. Beginning with 
these foundational papers on the subject [T8J [TjJ [75], the last two decades have seen an ex- 
plosive growth in the study of quasirandom structures in mathematics and computer science. 
Quasirandom structures lie at the heart of recent proofs of Szemeredi's Theorem [71] using 
the Strong Hypergraph Regularity Lemma [34J, [56l [58j [59J [73] . They also have many appli- 
cations in computer science including the algorithmic version of the Regularity Lemma [3], 
expander graphs [38], and recent work relating expander graphs to the PCP Theorem and 
hardness of approximation (see [26]). For details on quasirandomness, we refer the reader to 
a survey of Krivelevich and Sudakov [15] for graphs and recent papers of Gowers [331 Ell [35] 
for general quasirandom structures including hypergraphs. 

1.1 Previous Results 

The core of what Chung, Graham, and Wilson [18] proved is the following remarkable the- 
orem. We write o(n 2 ) for a function / : N — > R such that f(n)n~ 2 — > as n — > oo. The 
precise way to interpret the o(-) terms in the following theorems is explained in the discussion 
after Theorem HJ As usual, for a graph or hypergraph G, we write V(G) for its vertex set 
and E(G) for its edge set. Unless specifically mentioned, all graphs and hypergraphs in this 
paper have no loops or multiple edges. For U C V(G), the induced subgraph on U, denoted 
G[U), is the graph with vertex set U and edge set {e e E{G) : e C U}. HE and G are graphs 
or hypergraphs, a labeled copy of F in G is an edge-preserving injection V(F) — >■ V(G), i.e. 
an injection a : V(F) — > V(G) such that if E is an edge of F, then {a(x) : x G E} is an 
edge of G. 

Theorem 1. (Chung- Graham- Wilson jiff] /) Let < p < 1 be a fixed constant and let 
Q = {Gnln-^oo be a sequence of graphs such that \V(G n )\ = n and \E{G n )\ > + o(n 2 ). 
The following properties are equivalent: 

• Disc: (short for discrepency) For every U C V{G Tl ), \E(G n \U])\ =p('^') +o(n 2 ). 

• Expand: For every S,T C V{G n ), e(S,T) = p\S\\T\ + o{n 2 ), where e(S,T) is the 
number of edges with one endpoint in S and one endpoint in T , with edges inside SC\T 
counted twice. 
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• Count [All] : For every fixed graph F with f vertices and e edges, the number of labeled 
copies of F in G n is p e n? + o{n*). 

• Cycle^: The number of labeled copies 0/C4 in G n is at most p 4 n 4 + o(n 4 ). 

• Cycleii- For i > 2 a fixed integer, the number of labeled copies of C21 in G n is at most 
p 2£ n 2£ + o(n 2e ). 

• Eig: If Ai and A 2 are the first and second largest eigenvalues in absolute value of the 
adjacency matrix of G n respectively, then |Ai| = pn + o{n) and |A 2 | = o{n). 

Chung, Graham, and Wilson [18] proved several more properties, but the five properties 
stated in TheoremUJare usually viewed as central to the field. In particular, Disc and Expand 
are basic properties of random graphs. Note that Chung, Graham, and Wilson [TS] put the 
condition u \E(G n )\ > +o(n 2 )" into the statement of the properties, but since it appears 
in every property the condition can be moved to a requirement on the graph sequence as in 
Theorem [TJ 

Since Chung, Graham, and Wilson's [18] work, many more properties have been added 
into the equivalence in Theorem [IJsee[II3llSl[S2[S3[FnE^ In 
addition, several researchers investigated the sparse case where p is no longer a constant but 
p = o(l), see [21 [HI 121 1121 H2]. In this paper, we will be concentrating only on the dense 
case when p is a fixed constant. 

Almost immediately after proving Theorem [lj, Chung and Graham [TOl [TBI ESI HI [PT] 
investigated generalizing the theorem to fc-uniform hypergraphs. A k-uniform hypergraph is 
a pair of finite sets (V(H), E(H)) where E(H) is a collection of fc-subsets of V(H). One 
initial difficulty in generalizing Theorem [TJto k > 2 is a construction of Erdos and Hajnal [27J. 

Construction. (Erdos and Hajnal [21]) Consider the three-uniform hypergraph formed as 
follows (actually, a sequence of probability spaces of n vertex hypergraphs, one for each 
integer n). Let T n be a random (graph) tournament on n vertices, by which we mean an 
orientation of the edges of the complete graph K n where each edge is oriented in one of two 
directions with equal probability and the orientations are done independently for distinct 
edges. Form an n-vertex, three-uniform hypergraph H n by letting three vertices u, v, w form 
an edge of H n if u — > v — > w — > u. 

Rodl observed that this construction shows that the hypergraph generalizations of Disc 
and Count [All] are not equivalent. The sequence H n is easily seen to satisfy Disc, since 
in any U C V(H n ) the probability that three vertices from U form an edge of H n is p = |, 
the same as the expected density of H n . On the other hand, it is easily observed that H n 
does not contain any copy of the complete three-uniform hypergraph on four vertices. 
Since the number of K\ in H n is zero, the graph sequence H n obviously fails Count [All] . 
Motivated by this, Chung and Graham [l_3l [151 [IS EE] investigated how to strengthen the 
properties Disc/Expand to make them equivalent to Count [All] . They found several prop- 
erties equivalent to Count [All] ; the main property they use is related to the number of 
even/odd subgraphs of a given hypergraph which they called Deviation. Building on a 
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suggestion of Frankl and Rodl, they also showed that a strengthened version of Disc which 
we call CliqueDisc is equivalent to Count [All] . For a (A; — 1) -uniform hypergraph G, define 
the cliques of order k in G, denoted JCk(G), to be the collection of fc-sets T C V(G) such 
that all (k — l)-subsets of T are edges of G. If {H^n^oo is a hypergraph sequence, the 
property CliqueDisc states that for every (k — l)-uniform hypergraph G, the edges of H n 
intersect a p-proportion of the cliques of order k in G. Note that for k = 2 this is the same 
as Disc. The papers [131 US, dH HZ] only focused on the case p — |. Kohayakawa, Rodl, and 
Skokan [33] extended this to the case of fixed < p < 1 using several new techniques. The 
following theorem is a combination of the main results of this series of papers. 

Theorem 2. (Chung and Graham {13\.\15\.\16\,\17\j and Kohayakawa-Rddl- Skokan 

144)1 ) Let < p < 1 be a fixed constant and let % = {Hn}^^ be a sequence of k-uniform 
hypergraphs such that \V(H n )\ = n and \E(H n )\ = + o(n k ). The following properties 
are equivalent: 

• CliqueDiscfk — 1]: For every (k — l)-uniform hypergraph G with V(G) = V(H n ), 
\H n CMC k {G)\=p\K, k {G)\+o{n k ). 

• Count [All] : For every fixed k-uniform hypergraph F with e edges and f vertices, the 
number of labeled copies of F in H n is p e n^ + o(n-'). 

• Count [Octahedron] : The number of labeled copies of the k-octahedron O k in H n is 
p 2 n 2k + o{n 2k ), where the k-octahedron is the hypergraph with 2k vertices Xifi,Xi t i for 
1 < i < k and edge set . . . , Xk^ k } '■ Cj G {0, 1}}. 

Theorem [2] only states some of the properties shown equivalent by Chung and Graham 
(see also [10]) and Kohawakaya- Rodl- Skokan [33]. They investigated several other properties 
including induced subhypergraph counting, common neighborhood sizes, and a property 
central to many of the proofs called Deviation. One cannot hope to divide a general 
hypergraph up into quasirandom pieces in the sense of Theorem El Indeed, this is shown 
by the construction of Rodl mentioned earlier. With an eye towards a proof of Szemeredi's 
Theorem [71] . Gowers [33] investigated in more detail this obstacle and extended upon the 
quasirandom properties in Theorem [21 Eventually, the correct framework for partitioning 
a general hypergraph was stated in the Strong Hypergraph Regularity Lemma [331 ESI EH 
1591 173] . Keevash [3Q] extended on Gowers [33] work by proving an embedding type lemma 
for quasirandom hypergraphs where his notion of quasirandom was governed by CliqueDisc 
and applied it to some Turan type problems. Austin and Tau [8] build on and apply these 
quasirandom properties to investigate hypergraph property testing. 

Theorem [2] and its generalizations provide several properties, chiefly CliqueDisc, that 
are equivalent to Count [All] in hypergraphs. However, it remained open whether the sim- 
pler property Disc for /c-uniform hypergraphs is equivalent to counting some substructure 
like a generalization of C4. Recently, Kohayakawa-Nagle-Rodl-Schacht [31] answered this 
affirmatively by showing that Disc is equivalent to counting linear hypergraphs, where a 
hypergraph H is linear if for every edge E in H, every other edge E' ^ E intersects E in 
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at most one vertex. Building on this, Conlon-Han-Person-Schacht [22] showed that Disc is 
equivalent to counting a type of linear four cycle. These two results can be combined into 
the following theorem. 

Theorem 3. (Kohayakawa-Nagle-Rddl-Schacht \4 1)1 and Conlon-Han-Person- 
Schacht \22$ ) Let < p < 1 be a fixed constant and let % = {Hn}^^ be a sequence of 
k-uniform hypergraphs such that \V(H n )\ = n and \E(H n )\ > p\L) + o{n k ). The following 
properties are equivalent: 

• Disc: For every U C V{H n ), \E(H n [U})\ = p( lu J) + o(n k ). 

• Count [linear] : For every fixed linear k-uniform hypergraph F with e edges and f 
vertices, the number of labeled copies of F in H n is p e n^ + o(tj/). 

• Cycle A : The number of labeled copies ofC^ in H n is at most p^ E( - C4 ^n^ v ^ C4 ^ +o(n^ v ^ Ci ^), 
where C4 is a linear hypergraph defined precisely in Section [H 

Note that Conlon et al. [22J put the condition "\E(H n )\ > p(2)+o(n k )" into the statement 
of the properties that don't trivially imply it like Disc and this is equivalent to the way we 
have stated Theorem |3] Conlon et al. [22] have several more properties including induced 
subgraph counts, and common neighborhood sizes, but we consider the properties stated in 
Theorem [3] as the core properties. Theorem [3] equates Disc, an exponential time checkable 
property, with Cycle^ a property which can be checked in polynomial time. Dellamonica 
and Rodl [25] add another property to Theorem [3] involving the count of linear hypergraphs 
in if n [X] for every vertex set X settling a conjecture of Conlon et al. [22] and Shapira and 
Yuster [52] add another property into Theorem [3] involving weighted hypergraph cuts. 

1.2 Our Results 

Chung and Graham and Kohayakawa-Rodl-Skokan did not provide a generalization of Eig 
into Theorem [2] and in addition Conlon et al. [22] did not provide a generalization of Eig 
to add to the equivalences of Theorem |3j For graphs, Eig helps enormously to simplify the 
proof that Count [C4] =>• Expand. In addition, a spectral characterization of quasirandomness 
has proved to be a very useful result in many situations, for example in the proofs that 
certain explicitly constructed graphs are quasirandom (see [SI El SSI EO] ) • 

This leads to our first main contribution. We define a generalization of Eig to fc-uniform 
hypergraphs and add it into the equivalences stated in Theorem [3j This facilitates the proof 
of the implication Cycle 4 =>- Disc and also aids the development of spectral methods of 
quasirandom hypergraphs, a direction that has proved very fruitful for graphs. 

Our second main contribution is to generalize Theorem [3] substantially. Let k > 2 be an 
integer and let tt be a proper partition of k, by which we mean that 7r is an unordered list of at 
least two positive integers whose sum is k. For the partition n oik given by k — k\ H — • + kf, 
we will abuse notation by saying that tt = ki + ■ ■ ■ + k t . For every proper partition tt, we 
define properties Expand[7r], Eig[7r], and Cycle 4 [7r] and show that they are equivalent. 
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Definition. Let k > 2 and let it = k\ + • • • + k t be a proper partition of k. A k-uniform 
hypergraph F is 7r-linear if there exists an ordering Ex, ... , E m of the edges of F such that for 
every i, there exists a partition of the vertices of E^ into A itl , ■ ■ ■ , A itt such that for 1 < s < t, 
= k s and for every j < i, there exists an s such that Ej n Ei C Ai >s . 

The following is our main theorem. 

Theorem 4. (Main Result) Let < p < 1 be a fixed constant and let H = {iin}n-»-oo be a 
sequence of k-uniform hypergraphs such that \V(H n )\ = n and \E(H n )\ > pQ) + o(n k ). Let 
it = kx + ■ ■ • + kt be a proper partition of k. The following properties are equivalent: 

• Eig[ix]: A i>7r (if n ) = pn k l 2 + o{n k / 2 ) and \2,n{H n ) = o{n k l 2 ), where X lt7T (H n ) and 
\2,ir{H n ) are the first and second largest eigenvalues of H n with respect to tt, which 
are defined in Section^ 

• Expand[nJ: For all Si C where l<i<t, 

t 

e(Sx,...,S t ) =pH \Si\ + o(n k ) 

i=l 

where e(Sx, . . . , S t ) is the number of tuples (sx, ■ ■ ■ , s t ) such that sx U • • ■ U s t is a 
hyperedge and s, G Si. 

• Count [tt -linear]: If F is an f -vertex, m-edge, k-uniform, ix-linear hypergraph, then the 
number of labeled copies of F in H n is p m n^ + o(n/). 

• Cycle^fe]: The number of labeled copies of (7^,4 in H n is at most p^ E ^ C7TA ^n^ v ^ C7rA ^ + 
^ ra |v(c^,4)|^ ujhere is the hypergraph four cycle of type n which is defined in Sec- 
tion^ 

• Cycle^ [tt]: the number of labeled copies of C n ^i in H n is at most pl- B ( c 'T,«)l n |v r (c*^,4 f )| _|_ 
( n \ v ( c nAe)\^ where CV,4£ is the hypergraph cycle of type tt and length 4£ defined in 
Section d 

Remarks. 

• Theorem H] is stated for hypergraph sequences Ti = {-f^„}„^oo where |V(.ff n )| = n 
for every n, but this requirement can be weakened. All the above theorems work 
perfectly well when considering sequences of hypergraphs whose number of vertices 
goes to infinity but perhaps might not be defined for every n. One way of enhancing 
the statements of these theorems to this situation is to transition away from the little- 
o notation and use an e-5 type statement. Instead, following Chung, Graham, and 
Wilson [18], we maintain the language of sequences of hypergraphs as follows. Let 
"H = {Hn^g^oo be a sequence of hypergraphs such that \V(H nq )\ = n g , n q < n g+1 , 
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CD(5) Count [All] <£> Theorem M 

(3,3)' (4,2) "(5,1) 

\^ | | 

(2,2,2) (3,2,1) (4,1,1) 

\ / ^-V"'/ 
(2,2,1,1) (3,1,1,1) 

\ / 
(2,1,1,1,1) 

(1, 1, 1, 1, 1, 1) CD(1) Disc Theorem [3] 
Figure 1: The Hasse diagram of quasirandom properties for k = 6. 



and \E(H nq )\ > p( n ^) + o(n k ), where now the little-o expression means there exists a 
function /(g) such that \E(H nq )\ > p( n ^) + /(g) with lirn g _>.oo f{q)n~ k = 0. Similarly, 
when we say that property P (which might include a little-o expression) implies a 
property P', what we mean is that there exist functions /(g) and /'(g) such that 
P(/(g)) implies P'(/'(g)), where the notation P(/(g)) stands for the property P with 
the little-o replaced by the function /(g). In the rest of this paper, we ignore these 
complications and work directly with hypergraph sequences defined for every n but all 
the proofs extend into this world of hypergraph subsequences. 

If 7i = 1 + • ■ ■ + 1, the partition of k into k ones, then the equivalences Expand[7r] 
<^ Count [tt- linear] <^ Cycle^] of Theorem 0] constitute Theorem [3j In this case, 
Expand[l, . . . , 1] is equivalent to Disc, 7r-linear is the same as a linear hypergraph, and 
the cycle C^...^)^ we define in Section [2] is the same as the cycle defined by Conlon et 
al. [22]. 

Similar to the way Chung, Graham, and Wilson [TS] state Theorem [TJ we could move 
the condition "\E(H n )\ > pQ) + o(n fc )" into the statement of the properties Count \k- 
linear], Cycle 4 ^[7r], and Eig[7r], but since Expand[7r] trivially implies \E(H n )\ > p(?) + 
o(n k ), moving the condition into the statement of the properties is equivalent to the 
way we have stated Theorem HI 

With a little more work, we can extend Theorem H] to include Cycle2^[7r] in the case 
where 7r = ki + /c 2 is a partition into two parts. That is, if tt = k\ + k 2 , then having 
the correct count of any even length cycle implies all the conditions in Theorem |H 
For partitions into more than two parts, we are unsure if counting cycles of lengths 
congruent to 2 modulo 4 can be added into Theorem HI The simplest open case is 
counting six cycles with tt = 1 + 1 + 1. 

If tt' is a refinement of tt, then clearly Count [7r-linear] =^> Count [^'-linear] and so if 
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{i?n}n-kJo is a sequence satisfying the properties in Theorem [4] for tt, it satisfies the 
properties for tt'. In a companion paper [47], we show the converse: if tt' is not a 
refinement of 7r then Expand[7r] ^4 Expandf^'] so the property Expand[7r] is distinct for 
distinct tt and arranged in a poset via partition refinement. This is shown in Figure [TJ 
In addition, [47] also compares Expand[7r] to essentially all previous hypergraph quasir- 
andom properties and completely determines the poset of implications between these 
quasirandom properties. This provides the first step in a project recently suggested by 
Chung [TO]. 

• Our proof of Theorem [4] works with ordered proper partitions tt — (k±, . . . , k t ) because 
it is easier to work with the hypergraph properties in Theorem [4] when there is a fixed 
labeling of the parts of the partition tt. It is easy to see that Expand [tt] and Count [tt- 
linear] are the same property no matter which ordering is chosen for tt. When defining 
C^,u and Ai j7r and \2, n , we will first define them for an ordering tt of tt and then observe 
that the definitions are independent of the ordering. 

• For graphs, a family F of graphs is called p-forcing if VF G F, the number of labeled 
copies of F in G is (1 + o(l))p^ E( - F ^n^ v( - F ^ implies that G is quasirandom in the sense of 
Theorem [TJ Theorem [TJ proves that {i^C^t} is p-forcing and Skokan and Thoma [68] 
proved that {K2, K S)t } is p-forcing for s, t > 2. Skokan and Thoma [68] also posed the 
forcing conjecture: for every bipartite F which is not a forest, {K2, F} is p-forcing. 
This conjecture is still open. Dellamonica, Haxell, Luczak, Mubayi, Nagle, Person, 
Rodl, and Schacht [24] investigated what properties of G are forced by {K 2 ,T} when 
T is a tree, and Conlon, Fox, and Sudakov [2T] proved the forcing conjecture holds for 
a class of bipartite graphs. Say that a family F of /c-uniform hypergraphs is (vr,p)- 
forcing if VF G F , the number of labeled copies of F in H is (1 + o(l))p' £;( -' p ^n' v/ ^' 
implies that H is 7r-quasirandom in the sense of Theorem [H Theorem [4] proves that 
{-fQ , C n ^£} is (7r,p)-forcing. It would be interesting to determine which families are 
(tt, p)-forcing. 



1.3 Applications 

Property Eig[7r], which we define and include in Theorem [U can be used in a variety of 
settings. To show Eig[7r]'s versatility, we give two applications of the hypergraph eigenvalue 
techniques which we develop in this paper. 

• A beautiful conjecture of Sidorenko |63J asks about the minimum number of copies of 
a bipartite graph H which must be contained in another graph G. There is a simple 
upper bound on this minimum as follows. Let G(n,p) be the random graph with edge 
density p; it is easy to see that w.h.p. if p is not too small then G(n,p) has at most 
p\ E ( H )\ n \v(H)\ i aDe i ec [ copies of H. Sidorenko's Conjecture [53] is that this bound is 
sharp for bipartite graphs. The formulation of this conjecture is usually in terms of 
homomorphisms or edge-preserving maps. Let hn{G) denote the number of labeled 
copies of H in G, i.e. the number of edge-preserving maps from V(H) to V(G). Let 



S 



tff{G) = h,H(G)/\V(G)\\ v ( H >\ be the normalization of hjj(G), which is the fraction of 
mappings / : V(H) —> V(G) which are edge preserving. Sidorenko's Conjecture is the 
following. 

Conjecture 5. (Sidorenko }63\j ) For every bipartite graph H with m edges and every 
graph G, 

t H (G)>t K2 {G) m . 

Sidorenko's Conjecture is known to be true in a small number of cases, including 
complete bipartite graphs, trees, even cycles (see [63J ) , cubes [37], and a larger class 
including bipartite graphs with a vertex complete to the other part [21]. Lovasz [15] 
proved a local version of the conjecture. For £;-uniform hypergraphs with k > 3, 
Sidorenko [63] gave a construction (the loose triangle) for which the generalization of 
Conjecture [5] to fc-uniform hypergraphs fails. Nevertheless, Sidorenko [M] proved that 
the generalization of Conjecture holds for so-called "hypergraph trees": hypergraphs 
where the edges can be ordered so that there is a degree one vertex in the union of the 
first i edges in this ordering for every i. This leads to the following problem. 

Problem 6. For which k-partite, k-wniform hypergraphs H with m edges is it true that 
every k-wniform hypergraph G has tn{G) > tK k {G)' m ? 

An easy consequence of hypergraph eigenvalue techniques used to prove Theorem H] is 
that this is true for all cycles of type 7r and length 4£, for any 7r and any I. 

Theorem 7. For every k > 2, every proper partition it of k, every £ > 1, and every 
k-uniform hypergraph G, 

tcUG)>t Kk (Gy E ^. 

The forcing conjecture mentioned previously is a stability result for Sidorenko's Con- 
jecture, since the forcing conjecture asserts that if G is a graph which matches the 
bound in Conjecture El then G is structurally similar to G(n,p), i.e. quasirandom. 

• The /c-SAT problem is one of the most studied NP-complete problems, and the hyper- 
graph eigenvalue techniques developed for Theorem H] give a simple polynomial-time 
algorithm to detect strong hypergraph quasirandomness, which leads to a polynomial- 
time strong refutation algorithm for random fc-SAT. These strong refutation algorithms 
have been studied by several researchers [HI [201 [281 EH [36]. It is easy to see that re- 
futing random A;-SAT can be reduced to verifying if a random fc-uniform hypergraph 
is quasirandom as follows. Let be a random fc-SAT formula with m clauses and n 
variables. Form a fc-uniform hypergraph H on In vertices, one vertex for each variable 
and its negation. Each clause of produces a hyperedge of H, so that satisfying as- 
signments of correspond to the complements of independent sets of size n in H. If 
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we can certify that H is quasirandom in the sense of Expand, H will have no large in- 
dependent sets implying that has no satisfying assignment. The focus is determining 
the smallest m for which there exist such an algorithm. 

Currently, the best result for k > 4 is that there exists a polynomial-time algorithm 
which refutes almost all fc-SAT formulas if the number of clauses is at least Cn^ k l 2 ^ 
where n is the number of variables and C is a large constant. There are two algorithms 
that achieve this bound, one by Coja-Oghlan, Cooper, and Frieze [19J and one by Han, 
Person, and Schacht [36J . The algorithm of Han, Person, and Schacht [36] is based on 
Theorem [3] and [22], and works by counting Ci + ... + i )4 . 

As a consequence of the ideas developed for Theorem HI we also provide an algo- 
rithm which counts cycles which certifies hypergraph quasirandomness in polynomial 
time. Compared to the algorithms of Coja-Oghlan, Cooper, and Frieze [T9] and Han, 
Person, and Schacht [36], our algorithm is significantly faster and certifies a stronger 
notion of quasirandomness at the expense of slightly weaker bounds on the number 
of clauses/number of hyperedges. Our algorithm runs in time 0(n kuJ polylogn) where 
u> is the exponent for matrix multiplication compared to the 0(n k2 ) running time 
of [36]. In addition, our algorithm certifies a version of Expand[7r] for n = \k/2] + \_k/2\ , 
while [36] certifies Expand[l + ■ • • + 1] and [19J works with A;-SAT formulas instead of 
hypergraphs. Our algorithm only works when the number of clauses is at least n k l 2+e 
for even k and n k ^ 2+ ^ k for odd k, compared to the Cn} k l 2 ~\ of [191 136] . 

Theorem 8. Let k > 4 and e, 5 > be given. There exists an algorithm which runs 
in time 0(n kuJ poly log n) where u the exponent for matrix multiplication such that on 
input of an n-vertex, k-uniform hypergraph the algorithm outputs either Quasirandom 
or Unknown such that the following holds. 



If the algorithm outputs Quasirandom for an n-vertex, m-edge, k-uniform hyper- 

^\k/2\j 



graph H, then the following property holds: for all S\ C (j^j) and all S2 Q 

(V(H)\ 
\\k/2\)> 



e{Si, S2) — ^-|5i||S2 



5m 



TV 



— With high probability, the algorithm outputs Quasirandom on a hypergraph drawn 
from the distribution G^ k \n,p) when 

{ n -k/2+e £ S even ^ 

n -k/2+\fk otherwise. 

The remainder of this paper is organized as follows. In SectionEJ we define the hypergraph 
cycles CV^. Section [3] gives the formal definition of eigenvalues with respect to 7r. Theorem H] 
is proved by showing a chain of implications in the order stated in the theorem; Section |4] 
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proves Eig[7r] =>- Expand[7r], Section [5] proves Expand[7r] =>■ Count [7T-linear] , and Section [6] 
completes the proof of Theorem H] by showing that Cycle^^] =>- Eig[7r]. Section [7] contains 
the proofs of Theorems [7J and [SJ Lastly, Appendix |A] contains some linear algebra facts 
required for the proofs. Throughout this paper, we use the notation [n] = {1, . . . ,n}. 

2 Hypergraph Cycles 

In this section, we define the hypergraph cycles used in Theorem HI The hypergraph 
cycles C^^t are defined by first defining steps, then defining a path as a combination of steps, 
and finally defining the cycle as a path with its endpoints identified. 

Definition. Let if = (1, . . . , 1) be the ordered partition of t into t parts. Define the step 
of type n, denoted Sj?, as follows. Let A be a vertex set of size 2 t ~ 1 where elements are 
labeled by binary strings of length t — 1 and let B 2 , . . . , B t be disjoint sets of size 2 t ~ 2 where 
elements are labeled by binary strings of length t — 2. The vertex set of is the disjoint 
union A(jB 2 U ■ ■ ■ UB t . Make {a, b 2 , ■ ■ ■ , b t } a hyperedge of if a £ A, bj G Bj, and the code 
for bj + i is equal to the code formed by removing the jth bit of the code for a. 

For a general tt = (A^, . . . , k t ), start with S^u and enlarge each vertex into the appropri- 
ate size; that is, a vertex in A is expanded into k\ vertices and each vertex in Bj is expanded 
into kj vertices. More precisely, the vertex set of is (A x [ki])U(B2 x [fc2])U • • • i)(B t x [kt]), 
and if{a,b 2 , ...,b t } is an edge of S(i,.„,i) ; then {(a,ji), (b 2 ,j 2 ), • • • , (b t ,jt)} is a hyperedge of 

for all (ji, . . . , j t ) e [h] x ■ • • x [kt]. 

This defines the step of type n, denoted 5V ■ Let A^ be the ordered tuple of vertices of 
A in Sjf whose binary code ends with zero and A^ the ordered tuple of vertices of A whose 
binary code ends with one, where vertices are listed in lexicographic order within each A® . 
These tuples A^ and A^ are the two attach tuples of Sj? 




(a) 5(1,1) (b) 5(3,2) 

Figure 2: Steps with t = 2 

Figure [2] shows the steps of type (1, 1) and type (3, 2). Notice that each step has "length" 
two if we consider the attach tuples as the "ends" of a path. 
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A B 2 B 3 a<® B 2 B 3 B 2 4(1) 

(a) 5(1,1,1) (b) 5(i, i,i) 

Figure 3: Steps of type 7r = (1, 1, 1) 



Figure [3] shows two different drawings of the step of type tt = (1, 1, 1). Notice that the 
attach tuples are easily visible in Figure |3] (b ), since the two attach tuples are the codes in 
A ending with a zero and a one. The step of type fr = (ki, k 2 , k 3 ) is an enlarged version of 
Figure [3] similar to Figure |5] (b ). 

In general for arbitrary ff, the step can be drawn in two ways similar to Figure [3J 
First from the definition, a step is a fc-partite hypergraph with parts A, B 2 , . . . , B t so it can 
be drawn similar to Figure [3] (a). But the step can also be drawn with the two attach tuples 
on separate ends of the picture like Figure [3] (b ). Let M be the set of edges incident to 
vertices in the attach tuple A^ and M\ the set of edges incident to vertices in A^\ Edges 
from M and M 1 intersect only in vertices in B t because if a G A^ and a\ £ A^ then 
the code for ends in a zero and the code for a\ ends in a one, so only when deleting the 
last bit will the codes possibly be the same. Therefore, the step Sj? can be viewed as a type 
of length two path in a hypergraph formed from a collection of fc-partite edges Mo between 
A^ and B t and another collection of fc-partite edges Mi between B t and A^\ It is easy to 
see that all vertices in UBi have degree two and that the vertices in the attach tuples have 
degree one so are ready to be connected into longer paths. 

Definition. The path of type n of length 11, denoted P^pi, is the hypergraph formed from £ 
copies ofSjf with successive attach tuples identified. That is, letT 1: . . . ,T# be copies of and 
let Af' and Ap be the attach tuples of Ti . The hypergraph P^ >2 e is the hypergraph consisting 
ofTi,...,Te where the vertices of A^ are identified with Af/ 1 for every 1 < % < £— 1. (Recall 
that by definition, A^ and A^ are tuples (i.e. ordered lists) of vertices, so the identification 
of Ap and AfX identifies the corresponding vertices in these tuples.) The attach tuples of 
Pw,2£ are the tuples A^ and A^p . 

In FigureHJ the path P(i,i,i),4 is drawn as two copies of £(1,1,1) with attach tuples identified. 
The diamond, circle, and square vertices keep track of the parts A,B 2 ,B 3 . For a general 
P{k 1 MM)Ai eacn diamond vertex is enlarged into k\ vertices, each circle vertex is enlarged 
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Figure 4: P(i,i,i),4 



into k 2 vertices, and each square vertex is enlarged into ks vertices. For a general 7r, every 
step can be visualised as in Figure EI (b) as two collections of /c-partite edges M Q and Mi 
between A and B t , so all paths P^^i can be visualised as in Figure H] as a concatenation of 
steps. Vertices in A have degree one and all other vertices have degree two, so the path has 
internal degree two vertices with degree one attach tuples. 

Definition. The cycle of type 7? and length 21, denoted C^^i, is the hypergraph formed from 
P-k,2£ by identifying the attach tuples of P^^t- 

Lemma 9. If tt is an (unordered) proper partition of k and if and tt' are two orderings of 
it, then Cjf t 2t — Cj?' t 2£- 

Proof. Let tt = (k±, . . . ,k t ) and let 77 : {2, . . . , t} — > {2, . . . , t} be any bijection of the num- 
bers 2, . . . ,t. We first claim that S# = (*))■ This follows directly from the 
definition of the step; the bit strings can be permuted using rj. That is, the isomorphism 
between and S(k u k (2) ,...,^ (t) ) is the isomorphism which takes a vertex in A in V(S^) with 
binary code a 2 ...a t to the vertex with code a v -i^ 2 ) ■ ■ ■ a v -i( t ) in A in 5 , (/ Cli fc i){2)i ... j fc t)(t) ) and 
which also takes a vertex in Bj in with code 62 • • • frj-ify+i • • - bt to the vertex with code 
b V '^(2)b v -i(3) ■ ■ ■ V^toCO-ijV-^CO+i) • • • in Br)(j) in S( kl ,k v(2) ,...,k v(t) )- To see that this 
bijection preserves hyperedges, let {a, b 2 , . . . , h} be a set of vertices in Sj? where a G A 
and bj G -Bj. For every j, we have a 2 . . . aj_ia J+1 . . . a t = 6 2 • • • fy-ify+i • • • if and only 
if ^-1(2)^-1(3) . . . a^-i^^-ija^-i^^+i) . . . a v -i(t) = b v -i(2)b v -i^ • • • b v - 1 (7 1 (j)-i)b v -^( v (j)+i) ■ ■ ■ 
b^-i^y This implies that {a, b 2 , ■ ■ ■ , b t } is an edge of if and only if the image is an edge 

Of >S'(fc 1 ,fc I|{2) ,...,A:^ (t) )- 

By the previous paragraph, it suffices to prove that C^ )2 e — C(k t ,k 2 ,---M-i,ki),^ to complete 
the proof of the lemma. Indeed, if if' = • • • , with f(l) > 1, then the transfor- 

mations (1, . . . , t) -> (1, 2, . . . , f(l) - 1, f(l) + 1, . . . , t, f(l)) -+ (/(l), 2, . . . , /(l) - 1, f(l) + 
1) -> (/(l), . . . , /(*)) show that C# )2< = C^,2<. 

The fact that Cj? )2 t = C^ t ,k 2 ,...M-iM)^ lii eas y to see in Figure SJ In Figure EJ consider 
swapping the diamond and square vertices. This changes the path, but the cycle is Figure @] 
with the diamond vertices on the ends identified, so swapping the diamond and square 
vertices preserves the cycle. In general, as discussed before, the step can be drawn 
similar to Figure |3] (b) as a collection M of fc-partite edges between A^ and B t and a 
collection M\ of fc-partite edges between A^> and B t and so the path P^ j2 i can be visualized 
like Figure HI Therefore the cycle consists of a list of collections of fc-partite edges; 

E{C^ t2l ) is Mi i0 UMi ) iUM2 i oUM 2 ,iU • • • UM <i0 UM y where M ifi U M M is a copy of S*. But 
M^i U Mj + i i0 (modulo £) forms a copy of S^k t ,k 2 ,-,h-iM) ^ OT a H * as foU° ws - Since bit strings 
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in the A-p&rt of have last bit one by definition, drop the last bit. After dropping these 
bits, for each edge E in M^i, the vertices in E D A and EC\B t have the same code. Also, for 

2 < j < t — 1 the code for the vertices E D -B, is formed by adding a one to the bit string for 
Ed A and then deleting the (j — l)th entry. But since En A and EC\B t have the same code, 
this is the same as adding a one to the bit string for E n B t and then deleting the (j — l)th 
entry. Therefore we could add a one to the end of all the codes in B t and now have half of 
the edges which make up S^ u k 2 ,...,k t -iM)- A similar argument shows that M i+10 forms the 
other half and so M^i UM i+li0 is a copy of Sfk t ,k2,-,h-iM)- Thus C^^t is built out of t copies 

of S(ktM,-,kt-l,kl)- ^ 

Definition. Let n be an (unordered) proper partition of k. The cycle of type n and length 
2£, denoted C n ^e, is C^^i where n is any ordering of n. 

Definition. A walk of type n and length 21 in a hypergraph H is a (possibly non-injective) 
function f : V{P^^l) — > V(H) that preserves edges. Informally, a walk is a path where the 
vertices are not necessarily distinct. A circuit of type ir of length 21 in a hypergraph H is 
a function f : V(C nt 2t) V(H) that preserves edges. Informally, a circuit is a cycle where 
the vertices are not necessarily distinct. 

There are two alternative definitions of the cycle of length four. First, Conlon et al. [22] 
defined a cycle of length four for tt = 1 + • • • + 1 by an operation called reflection. Our 

definition of C7 1H hl 4 is equivalent to the definition in [22]; this can be seen by noticing that 

the bit strings in our definition keep track of the vertex duplications which occur during 
reflection. 

Finally, there is a concise direct definition of the cycle of type 7r and length four which 
avoids the complexity of defining steps and paths. We will not use this shorter definition in 
this paper, instead working with steps, paths, and walks, but we include this short definition 
for completeness. Let D\, . . . , D t be disjoint sets of size 2 t_1 whose elements are labeled by 
(t — l)-length binary strings. The vertex set is DiU . . . LiD t . For d% G Di, . . . ,d t G D t , make 
{di, . . . , d t } a hyperedge if there exists a binary string s of length t such that the code for 
di equals the code formed by deleting the ith bit of s. The cycle for general 7r is formed by 
enlarging this cycle appropriately. Figure |5] shows cycles drawn using this definition. 

3 Hypergraph Eigenvalues 

This section contains the definition of the largest and second largest eigenvalues of a hyper- 
graph with respect to 7r and also contains some discussion and basic facts about them. 

There have been three independently developed approaches to hypergraph eigenvalues: a 
definition by Chung [H] and Lu and Peng \^U\ ETJ using matrices, an approach of Friedman 
and Wigderson [30, [32] and Cooper and Dutle [23], and lastly the eigenvalues of the shadow 
graph [91 [291 E21 (53J [69] ■ The definitions of Friedman and Wigderson [30], [32] are most 
suitable for our purposes and we will use their definitions as our starting point. 
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( a ) C(l,l),4 



(b) C(i,i,i),4 



Figure 5: Alternate definition of the cycle of length four 



Definition. Let V\, . . . , be finite-dimensional vector spaces over R. A fc-linear map is a 

function : V\ x • • • x V* — > R such that for each 1 < i < k, is linear in the ith coordinate. 
That is, for every fixed Xi G Vi, 4>{x\, . . . , Xi-i, ■, Xj+i, . . . , x n ) is a linear map from Vi to R. A 
k-linear map '■ V k — > R is symmetric if for all permutations i] of [k] and all x\, . . . ,Xk G V , 

4>(X 1 , ...,X k )= 0(^(1), • • .,x v ( k) ). 

Definition. Let Vi, . . . , Vk be finite- dimensional vector spaces over R ; let Bi = {b^i, . . . , 
frj,dim(X)} ^ e an orthonormal basis of Vi, and let : B\ x • • • x B k — > R be any map. 
Extending linearly to Vi X • • • X Vk means that is extended to a map V\ X • • • X V^ — > R 
where for X\ G Vi, . . . , Xk G V k , 

dim(Vi) dim(V fc ) 



Note that extending in this way produces a k-linear map. 

Definition. (Friedman and Wigderson [30, \32§ ) Let H be a k-uniform hypergraph. 
The adjacency map of H is the symmetric k-linear map th : W k — > R defined as follows, 
where W is the vector space overR of dimension \V(H)\. First, let 



where e v denotes the indicator vector of the vertex v, that is the vector which has a one in 
coordinate v and zero in all other coordinates. We have defined the value of r# when the 
inputs are standard basis vectors ofW. Extend th to all the domain linearly as in (TT]) ; where 
for all i, • • • , &j,dim(iy)} = {ei, . . . , edi m (iy)} is the standard basis of W . 




(1) 




G E(H), 

otherwise, 



for all vt, . . . ,v k G V(H), 
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Definition. Let W\, . . . , W k be finite dimensional vector spaces over R and let : W\ x • • • x 
Wk ->1 fe o k-linear map. The spectral norm of <fi is 



sup \<p{Xi, . . . ,x k ) 

\\xi\\=l 



Before defining the first and second largest eigenvalue of H with respect to a general 
partition tt, we give the definitions when tt = 1 + • — hi, that is tt is the partition into k ones. 
For codegree regular hypergraphs with loops (see the definition of loops in the discussion 
that follows), these are exactly the definitions of Friedman and Wigderson 



Definition. Let H be an n-vertex, k-uniform hypergraph, let W be the vector space over R 
of dimension n, and let J : W k — > R be the all-ones map. That is, if e^, . . . , ti k are any 
standard basis vectors ofW, then J{e^, . . . , e^) = 1, and J is extended linearly to all of the 
domain as in ([1]). 

The largest eigenvalue of H with respect to tt = 1 + • • • + 1 is \\th\\ and the second largest 
eigenvalue of H with respect to tt = 1 + • • • + 1 is 



For general tt = (ki, . . . , k t ) we define a variant of the adjacency map r which is a 
t-linear map with vector space dimensions given by fej. For example, when tt = (2, 1, 1) the 
map r# is a map V x W x W — > R where dim(VT) = n (and we think of it as indexed by 
vertices) and dim(V) = n 2 (and we think of it as indexed by pairs of vertices). In general, 
we will be working with vector spaces of dimension n ki and indexed by fcj-tuples of vertices. 
The language of tensors and the tensor product elegantly captures this arrangement of vector 
spaces. There are many possible equivalent definitions of tensors and tensor products, but 
for finite dimensional vector spaces the tensor product is particularly simple. We will not be 
using advanced facts about tensors; the next definition contains everything we will need. 

Definition. Let V and W be finite dimensional vector spaces over R of dimension n and m 
respectively. The tensor product of V and W , written V £g> W , is the vector space over R of 
dimension nm. 

Tensor Product Facts. By definition, a tensor in V £§> W is a vector with nm coordinates. 
Rather than talk about the (i,j)th coordinate of this vector, we use the <g> symbol to label 
certain tensors in V <8> W. For 1 < i < n and 1 < j < m, denote by (g> e'j the tensor in 
V <g> W which has a one in the (i, j)th coordinate and a zero everywhere else. Therefore, the 
collection of tensors (vectors) {e^ ® e'j '■ 1 < i < n, 1 < j < m} forms an orthonormal basis 
of the vector space V <S> W. More generally, if v £ V and w G W, denote by v <8> w the vector 
of dimension nm which is ( v i e i) ( w ' e 'j) e « ® e 'j- I n other words, v <S> w is the vector 
of dimension nm where the (z,j)th coordinate equals the ith coordinate of v times the jth 
coordinate of w. Not all tensors in V <S> W can be written as v <S> w for some vectors v and 
w; for example, e± ® e[ + t\ <8> e' 2 + t2 ® e' 2 is not equal to v ® w for any v or w. A tensor 
which can be expressed ast)®w for some v and w is called simple or rank 1. 

A typical tensor a in V <g> W has the form a = Y^7=i a ^A ei ® e 'j)> wri ere aij G R. 
That is, a tensor is a linear combination of the basis vectors, which have been labeled by 
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Ci <g> e'j. The length of a tensor is the length of the vector in the vector space V <8> W . Thus 

/ \l/2 

the length of a is (£" = i E^i «ij J ■ 

Let fcbea positive integer. For A; > 3, the tensor product V® k is defined as V <g> V®'* -1 ) 
with K® 2 = KcgiV. In other words, the tensor product V® k is the (unique) vector space over 
R of dimension n fc , where standard basis vectors are labeled by expressions <8> • • • <8> e-i k - 

We are now ready to define the map and then the first and second largest eigenvalue 
of H with respect to n for a general tt. In the definition, think of the tensor product W® ki 
as a vector space of dimension (\im(W) ki indexed by ordered fcj-sets of vertices. 

Definition. Let W be a finite dimensional vector space over R ; let o : W k — > R be any 
k-linear function, and let H be a proper ordered partition of k, so 7? = (k\, . . . , fct) /or some 
integers ki, . . . , k t with t > 2. Now define a t-linear function : W® kl x • ■ ■ x W® kt — > R 
by first defining when the inputs are basis vectors of W® ki and then extending linearly as 
in (PQ). For each %, B- t = ® • • • <g) 6 i)fcj : 6jj zs a standard basis vector of W} is a basis of 
W® ki , so for each i, pick b^i ® • ■ • <S> b^. G Bi and define 

a* (61,1 ® • • • ® &i,fci, ■ • • Ai ® • • • ® 6*,^) = • • -,61,*!, • • • Ai> • • • A,fcJ- 

A^ow extend linearly to all of the domain as in (CQ). cr^ wi// be t-linear since a is k-linear. 

Definition. Let H be a k-uniform hypergraph and let t = th be the (k-linear) adjacency 
map of H . Let it be any (unordered) partition of k and let 7? be any ordering of 71. The 
largest and second largest eigenvalues of H with respect to tt, denoted Xi <n (H) and ^^{H), 
are defined as 



Ai )7r (if) := \\TjfW and X 2 ^{H) :~- 



k\\E(H)\ T 

n K 



Both Xi )7r (H) and X 2i1T (H) are well defined since r and J are symmetric maps. 
Remarks. 

• Bilinear maps <p '■ W 2 — > R correspond exactly to square matrices. Indeed, given a 
square matrix A, <p(x,y) = x 7 Ay is a bilinear map. In the other direction, for any 
bilinear map <fi : W 2 — > R, there exists some square matrix A such that <f>{x, y) = 
x T Ay. The entries of A are the values <f>(ei,ej) where is the vector with one in 
the ith coordinate and zero everywhere else. Similarly, a fc-linear map : W k — > R 
is determined by the values it takes when the inputs range over a basis of W so 
corresponds to a dimensional array of real numbers. These fc-dimensional arrays are 
sometimes called hypermatrices. 

• The previous paragraph combined with the definition of adjacency map shows that 
the adjacency map of a graph is identical to the adjacency matrix, which is a two- 
dimensional array of zero/ones with rows and columns indexed by vertices. For general 
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k, the adjacency map of a fc-uniform hypergraph corresponds to a dimensional array 
of zero/ones with each axis labeled by the vertices. A location in this k- dimensional 
array is one if the vertices of its coordinates form a hyperedge, otherwise it is zero. 

When k = 2 and tt — 1 + 1, the spectral norm of th of a graph H exactly corresponds 
to the largest eigenvalue of H in absolute value in the usual definition of eigenvalues 
of graphs. The symmetric bilinear map r# is the map th{x, y) = x 1 Ay where A is the 
adjacency matrix of H . From linear algebra, we know that the spectral norm of A is 
the largest eigenvalue in absolute value. 

When k = 2 and tt = 1 + 1, our definition of second largest eigenvalue of a d- regular 
graph H is equivalent to the usual definition of second largest eigenvalue in absolute 
value of the adjacency matrix A. If G is a ci-regular graph, then 2\E(H)\/n 2 = -, so 
our definition of the second largest eigenvalue of G is the spectral norm of tq — - J '. 
This bilinear map corresponds to the matrix A — - J where A is the adjacency matrix 
and J is now the all-ones matrix. The largest eigenvalue of A — - J in absolute value is 
the second largest eigenvalue of A in absolute value, and this equals the spectral norm 
of the respective map. 

The previous paragraph extends to <i-codegree regular hypergraphs with loops, which 
were studied by Friedman and Wigderson [50| [32] . A k-uniform hypergraph with loops 
is a pair of sets (V(H), E(H)), where V(H) is any finite set and E(H) is a set of 
fc-multisets of elements from V(H). Informally, multiple edges are not allowed, each 
edge has size exactly k, and a vertex can be repeated multiple times inside an edge. A 
fc-uniform hypergraph H with loops is d-codegree regular if for every (k — l)-multiset 
S of V(H), there are exactly d hyperedges containing S. For such a hypergraph, 
k\\E(H)\/n k = d/n so X 2 . i + ... + i(H) = \\ t h — f t J\\- This is exactly the definition of 
Friedman and Wigderson [SUl E2]- In addition, they proved that if H is <i-codegree reg- 
ular with loops, then Ai i i + ... + i(if) = dn^ k ~ 2 ^ 2 and is achieved by the all-ones vectors 
scaled to unit length. This generalizes the well known fact that the largest eigenvalue 
of a (i-regular graph is d with eigenvector the all-ones vector. Friedman and Wigder- 
son [30j E2] also proved several facts about \2 > i+...+i(H) including upper and lower 
bounds, an Expander Mixing Lemma which we generalize to all 7r in Theorem [TDl and 
the value of A 2 ,i+...+i on the random hypergraph. 

If 7r' is a refinement of tt, then it is easy to see that Xiy(H) < Ai. 7r (if) and \2.n>{H) < 
X 2 A H ) for ever y H. For example, let f = (2, 2, 1) and vf = (3, 2). Take x G W <g> W, 
y G W <E> W, and z G W so that Tj?>(x,y,z) = Xiy(H), that is x,y,z achieve the 
supremum in the definition of spectral norm. But now t^(x ® z,y) = T^(x,y,z) so 
the spectral norm of is either equal to t^^x, y, z) or larger (x <S> z is a unit length 
tensor since both x and z are unit length) . This generalizes to all partition refinements 
and also generalizes to the map a = r — ^l-^WI j Thus refining the partition does 
not increase Ai )7r or A2 j7r , which matches exactly with the arrangement of quasirandom 
properties in Figure [Q Eig[7r] =^> Eig[7r']. 
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4 Eig[7r] =>* Expand [n] 



In this section we prove a generalization of the graph Expander Mixing Lemma which relates 
spectral and expansion properties of graphs. It was first discovered independently by Alon 
and Milman [I] and Tanner [72]. For background on graph expansion and eigenvalues, see 
[U [7J |38]. The following theorem extends on the hypergraph Expander Mixing Lemma of 
Friedman and Widgerson [301 132] . which applied for ir = 1 + • ■ ■ + 1. The theorem is stated 
for ordered partitions ff, but trivially gives the same result for any ordering fr of a partition 

71. 

Theorem 10. (Hypergraph Expander Mixing Lemma) Let H be an n-vertex, k-uniform 
hypergraph. Let jf = (hi, . . . , k t ) be a proper ordered partition of k and let Si C (^j^) /< 



or 



1 < i < t. Then 



e{S u ...,St) 



k\\E(H)\ 



rr 



Si\ ■ ■ ■ \S t \ 



<\2AH)V\Si\---\s t \, 



where e(Si, . . . ,S t ) is the number of ordered tuples (si, ■ ■ ■ ,s t ) such that si U • • • Us t G E(H) 
and Si £ Si. 

Proof. Let q = kl ^ k H ^ , let m be the adjacency map of H, and let a = th — qj. It is easy 
to see that by definition, (r — qJ)j? = — q.J^, so \ 2 ^{H) = Let \s l G W^ 1 ® be the 

indicator tensor of Si. If we let V(//") = [n], then 



{si,...,s k .}eSi 

«X<— <Sfe. 



By the linearity of cr^ and the definition of J^p, 

t 



i=l 



Before upper bounding this by \ 2tn (H), we must scale each indicator tensor to be unit length. 



Since {e^ 
Thus 



Cj ki : 1 < Ji, • • • , jki < 72 } forms a basis of W® k % we have \\XSi 

< Ikfrll = A 2l7r (-H")- 



0"i 



Xs* 



I X<Si || || X»St I 



Consequently, 



kff(XSn • • -iXsJI < ||x5! || ■ ■ • HxsJ = A 2)7r (-H")\/|^ii ■ • • N 

and the proof is complete. 



□ 
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Note that we could get an even tighter bound in Theorem [10] by projecting each xs t onto 
the space perpendicular to the all-ones vector to keep the value of the same but shorten 
the length of the vectors given as input. Friedman and Widgerson [3U1 E2] compute this 
tighter bound for ir = 1 + ■ • • + 1; we leave this as an exercise to the reader for general tt 
because the tighter bound is not required to prove Eig[7r] =>- Expand [7r]. 

Lemma 11. Let % = {H n } be a sequence of k -uniform hypergraphs with \ V(H n )\ = n and 
\E(H n )\ > pn + o{n k ). Let r n be the adjacency map of H n and let n = (kx, . . . , k t ) be a 
proper ordered partition of k. If \\^{H n ) = pn k l 2 + o(n k l 2 ), then \E(H n )\ = pm + o(n k ). 

Proof. Throughout this proof the subscripts on n are dropped for simplicity. Let W be the 
vector space over R of dimension n. For 1 < i < t, let l ki denote the all-ones vector in W® ki , 
so || = n ki l 2 . Then 



1 - 

M2 



, , , 7~[ , . . . , 6 

n 

ii,...,i k =l 



k/2 / -J ' * * * ' fcfcy 



1 ME(H)\. 



n k/2 

Thus the spectral norm of is at least k\\E(H)\/n k ^ 2 , so 



k/2 < k\\E(H)\ + k/2 < + k/2 = h/% + k/2 
n I 



This implies equality (up to o{n k l 2 )) throughout the above expression. In particular, \E(H n )\ 
= pQ+o(n k ). ' □ 

Proof that Eig[n] =>- Expand[ir]. First, Eig[7r] contains the assertion that Ai j7r (iJ n ) = pn k ^ 2 + 
o(n k / 2 ) which by Lemma [TT1 implies \E(H n )\ = +o(n k ). Consequently, k\\E(H n )\/i 
(1 + o(l))p and Theorem [TOl imply that 



>n k 



e(S 1 , ...,S t )-(l + 0(1)^15x1 • - • \S t \ | < X 2 AHW\Si\---\S t \ (2) 

for any choice of Si C ( V ^ / f n ' ) ), i = 1, . . . ,t. Since 7r is a partition of \/|S'i| • ■ ■ \S~t\ = 
0(n k l 2 ). Also, Eigfvr] states that A 2j7r (#) = o(n fc / 2 ). Thus ([2]) becomes 

6(5*1, • • • , S t ) - p\Si\ ■ ■ ■ \S t \ = o(n k ), 
which proves Expand [tt]. □ 
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5 Expand[7r] =^> Count [7r-linear] 



In this section we prove Expand[7r] =>- Count [7r-linear] by proving an embedding lemma for 
hypergraphs. The proof below is a generalization of an argument by Kohayakawa et al. [IT] 
who proved it in the special case of linear hypergraphs. The lemma below is proved for 
ordered partitions if, but it is easy to see that the lemma is independent of the ordering 
chosen for tt. 

Proposition 12. Let if = . . . , k t ) be a proper ordered partition of k, let < p < 1, and 

let F be any fixed k-uniform, n-linear hypergraph with f vertices and m edges. 

Let Ti = {Hn}^^ be a sequence of k-uniform hypergraphs with \ V(H n )\ = n, \E(H n ) \ = 
p(T) +°( nk )> and for which Expandfn] holds. That is, for every Si C ■ ■ ■ ,S t C. ( V j^ ), 

we have e(Si, . . . ,S t ) = p\S\ \ ■ ■ ■ \ S t \ + o{n k ). Then the number of labeled copies of F in H 
equals p m n^ + o(n'). 

Proof. The proof is by induction on the number of edges of F. If F has zero or one edge, then 
the result is trivial. So assume that F has at least two edges and let E be the last edge in 
the ordering provided by the 7r-linearity of F. Let be the hypergraph formed by deleting 
all vertices of E from F. Let Q* be a labeled copy of F, in H by which we mean that Q* is 
an injective edge preserving map : ~ > V(H). We can count the number of labeled 
copies of F in H by counting for each Q*, the number of ways extends to a labeled copy 
of F. More precisely, we count the number of edge preserving injections Q : V(F) — > V(H) 
which when restricted to V(F*) match the injection Q*. Since F is 7r-linear, the edge E 
can be divided into A±, . . . , At such that \Ai\ = ki and the edges of F intersecting E can be 
divided into sets Ri, . . . , R t such that every edge in i?, intersects E in a subset of A,. 

Consider some in H] we will count how many ways it extends to a labeled copy of F. 
For 1 < % < t, define Si(Q*) to be the following collection of fcj-sets. Let Y C V(H) be a set 
of ki vertices and add Y to Si(Q*) if Y D Im(Q*) = and there exists an edge preserving 
injection V(F*) U A4 — > Jm(<5*) U Y which when restricted to V(F m ) matches the map Q*. 
More informally, Si(Q*) consists of all fcj-sets Y of vertices which can be used to extend 
to embed a labeled copy of F* U R^. 

Every edge counted by e(Si(Q*), . . . , S t (Q*)) creates several labeled copies of F which 
extend Q*. First, let Aj be the number of edge preserving bijections V(F*)UAi — > V(F*)UAi 
which are the identity map when restricted to V(F*). More informally, if we are given a non- 
labeled F* U Ri together with a labeling of the vertices of F*, Aj is the number of ways of 
labeling the vertices of Ai. The numbers Ai, . . . , A t are fixed numbers depending only on F; 
Aj depends on the way that edges in Ri intersect. For example, if every edge in i?j meets E 
in exactly Ai, then Aj = fcj!. If the edges in Ri intersect differently, Aj will change but still 
depend only on F . Now we count the number of edge preserving injections Q : V(F) — > V(H) 
where Q\v<f*) = Q* as follows. First pick an edge to use for E; this consists of picking one 
of the edges which take a fci-set Y\ from Si(Q*), a fc 2 -set Y 2 from S 2 (Q*), and so on. There 
are exactly e(Si(Q*), . . . , S t (Q*)) such edges. We are embedding a labeled copy of F so next 
we order the vertices inside the set Y\ chosen from Si(Q*); there are Ai ways of ordering 
the vertices of Y\. Similarly, we order the vertices inside the other sets chosen from Si{Q*) 
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for a total of Yl^i orderings. These are all the labeled copies of F which extend Q*, so 
there are exactly e(Si(Q*), . . . , S t (Q*)) Yl^i labeled copes of F extending Q*, i.e. exactly 
e(Si(Q*), . . . , S t (Q*)) Yl^i edge preserving injections V(F) — > V(H) which when restricted 
to V(F*) are Q*. By assupmtion, 

e(S , i(g,), ■ • • : St(Q*)) = p\Si(Q*)\ ■ ■ ■ \S t {Q*)\ + o(n k ). 

Therefore, we can count the number of labeled copies of F in H by summing the value 
of e(Si(Q*), • • • , St(Q*)) n ^ over all in H. By the notation #{Finif } we mean the 
number of labeled copies of F in H. 

#{F in H} = J2 e(^i(Q*)> • • • > II A * 

Q* i 

= J2\P \ S ^(Q*)\ ■ ■ ■ \ s t(Q*)\ II A * + °( nk ) ) 

= P J2\Si(Q*)\ ■ ■ ■ \S t (Q.)\ J] A, + o(nf), (3) 

Q, i 

since the number of Q* is bounded above by n^ v ^ F *^ = n^~ k so summing the term o(n k ) over 
Q* is bounded by o(nf). Let _F_ be the hypergraph formed by removing the edge E from F 
but keeping the same vertex set. Then similarly to the above, the number of labeled copies 
of F_ extending is • • ■ |5t(Q*)l Yl^i since every labeled copy of F_ is formed 

by picking a set Y\ from Si(Q*), ordering it in A$ ways, picking a set Y 2 from S 2 (Q*) and 
ordering it, and so on. Therefore the number of labeled copies of F_ in H is counted by 
summing over and counting |Si(Q*)| • • ■ \St(Q*)\ Yl^i- Thus (J3J) continues as 

#{Fin#} =p#{F_ mH} + o(n f ). (4) 

By hypothisis, F is 7r-linear so F_ is 7r-linear. Thus by induction the number of labeled 
copies of F_ in H is p m ^ l nf + 0(72/). Inserting this into (jlj) shows that the number of labeled 
copies of F in H is p m n^ + o(n/). □ 



6 Cycle^M Eig[7r] 

In Section 16. 1[ we state two crucial propositions on products and powers of multilinear maps 
and then show that these two propositions imply that Cycle^^] =>- Eig[7r]. The remainder 
of Section [6] is concerned with the proof of one of these propositions (the other is proved in 
the appendix). In Section l6\2l we discuss the special case of 7r = (3,2, 1), in Section [6731 we 
state the definitions of products and powers of multilinear maps, and finally in Section 16.41 
we show that the powers of the adjacency map counts walks in a hypergraph. 
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6.1 Overview 



First, let us recall the proof of Cycle 4 [l,l] =>- Eig[l,l] for graphs. If A is the adjacency 
matrix of a graph G, then A A counts walks of length 4 in the sense that the (i,j)-th entry 
of A 4 is the number of walks of length 4 between i and j. The trace of A A is then the 
number of circuits of length 4 in G. The trace of a square real symmetric matrix is the 
sum of its eigenvalues. If G is rf-regular, then the largest eigenvalue of A A is d A so if the 
number of circuits of length four in G is d A + o(n A ), then the trace of A A is d A + o(n A ) which 
implies that all the eigenvalues of A besides d are o(n). The proof for non- regular graphs is 
a straightforward generalization of this. Our proof for hypergraphs follows the same outline 
once some algebraic facts about multilinear maps are proved. 

The first step in the general proof of Cycles [tt] Eig[7r] is to define the product of 
two multilinear maps. This is a simple (although slightly verbose) definition which is an 
easy generalization of matrix multiplication. Next, we define the power of a multilinear map 
and show that if r is the adjacency map of a hypergraph, then powers of count walks. 
Since circuits are walks where the end points are identified, counting circuits will correspond 
to the trace of a power of t#. In Section 16.31 we define for any t-linear map tp a square 
symmetric matrix A[tjj 2t ]. We write A[ip 2t ] £ for the £-ih matrix power of A[ip 2 ]. The 
key proposition is the following. 

Proposition 13. Let H be a k-uniform hypergraph, let tt be a proper ordered partition of k, 
and let £ > 2 be an integer. Let r = r# be the adjacency map of H. Then Tr A[r 2t 1 ] e is 
the number of labeled circuits of type tt and length 2£ in H. 

In Section I6T21 we sketch a proof of this proposition for the special case of tt = (3, 2, 1) and 
in Section 16.41 give the proof for all tt. Next we need an algebraic property of the eigenvalues 
of multilinear maps. As part of their proof for graphs, Chung, Graham, and Wilson [TS] 
proved that in a graph sequence satisfying Eig, the distance between the all-ones vector 
and the eigenvector corresponding to the largest eigenvalue is o(l) (see the bottom of page 
350 in [H]). The reason for this is that if A is the adjacency matrix and v the unit length 
eigenvector corresponding to the largest eigenvalue, then the second largest eigenvalue of A 
is the spectral norm of A — XiW T . But as we saw in Section HJ proving Expand requires 
bounding the spectral norm of A — pnll T , where 1 is the all-ones vector scaled to unit length 
(note that nll T = J). Chung, Graham, and Wilson [18] proved that I \v — l| = o(l) to 
conclude that A — Xivv T and A — pnll T are almost the same map so their spectral norms 
are asymptotically equal. The following proposition generalizes this to hypergraphs. 

Proposition 14. Let {Vv}r- s.oo be a sequence of symmetric k-linear maps, where ip r : — > 
R ; V r is a vector space over R of finite dimension, and dim(V r ) — > oo as r — > oo. Let 1 
denote the all-ones vector in V r scaled to unit length and let J — >• R be the k-linear all- 
ones map. Let tt be a proper (unordered) partition of k, and assume that for every ordering 
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TT oflT, 

HA{^t 1 ])=o{\ l {A^t 1 ]))- 
Then for every ordering tt of tt, 

\\*l>* - qJ*\\ =o(ip{i,...,i)), 

where q = dim(V r )~ k ^ 2 ip(l, . . . , 1). 

For graphs, we will show later that A[t 2 } is the adjacency matrix squared, so Propo- 
sition [H] states that the spectral norm of A — 2 ^ 2 G ^ J is little-o of the square root of the 
largest eigenvalue of A 2 , exactly the fact proved by Chung, Graham, and Wilson |18j . Note 
that in graphs, if the graph sequence is assumed to be <i-regular then Proposition [TH be- 
comes trivial since the spectral norm of A — - J equals the second largest eigenvalue of A. 
Similarly, if Theorem H] is restricted to hypergraph sequences which are codegree regular, the 
proof of Proposition [T41 becomes much simpler. Finally, we need one last simple property of 
multilinear maps. 

Lemma 15. Let V\, . . . , Vt be finite dimensional vector spaces over R and let (j) : V\ x • • • x 
V t R be a t-linear map. Then Ulf^ < Ai(A[0 2t_1 ]). 

Propositions [TBI and fT4l and Lemma [T5l combine to prove that Cycle4g[7r] Eig[7r] for any 
proper partition 7r as follows. The proof can be understood without knowing the definition 
of A[t 2 ] (which appears in Section [673]) : A[ri } is a square symmetric matrix. 

Proof that Cycle^fr] =^> Eig[n]. Let H = {-f^ n }n-s>oo be a sequence of hypergraphs and let 
r n be the adjacency map of H n . For notational convenience, the subscript on n is dropped 
below. Throughout this proof, we use 1 to denote the all-ones vector scaled to unit length. 
Wherever we use the notation 1, it is the input to a multilinear map and so 1 denotes the 
all-ones vector in the appropriate vector space corresponding to whatever space the map is 
expecting as input. This means that in equations below 1 can stand for different vectors in 
the same expression, but attempting to subscript 1 with the vector space (for example ly 3 ) 
would be notationally awkward. 

The proof that Cycle 4 ^[7r] =^> Eig[7r] comes down to checking the conditions of Proposi- 
tion [TH Let 7r be any ordering of the entries of tt. We will show that the first and second 
largest eigenvalues of A = A[r 2t } are separated. Let m = \E(C n ^z) \ = 2l2 t ~ 1 and note that 
|V(Ctt,4£)| = mk/2 since CV^ is two-regular. A is a square symmetric real valued matrix, so 
let fj>i, . . . , fid be the eigenvalues of A arranged so that > • • • > \fid\, where d = dim(A). 
The eigenvalues of A 2e are [i\ , . . . , fif and the trace of A 2e is X^/^i ■ Since all [if > 0, 
Proposition [131 and Cycles [it] implies that 

fif + /if < Tr [A 2£ ] = #{possibly degenerate C vM in H n } < p m n mk/2 + o(n mk l 2 ). (5) 
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We now verify the conditions on fi\ and fii in Proposition [Mj and to do that we need to 
compute t(1, . . . , 1). The computations in Lemma [TT] show that 



r(i,...,i) = r,(i,...,i) = ^^. (6) 



Using \E(H n )\ > p(l) + o(n k ), Lemma US, and /if < p m n mk / 2 + o{n mk l 2 ) from ©, 

pn k l 2 + o{n k l 2 ) < = Ml •••,!)< INI < ^ < V^ 2 + o{n k ' 2 ). (7) 



This implies equality up to o(n k ^ 2 ) throughout the above expression, so r(l, . . . , 1) = pn k ^ 2 + 
o{n k / 2 ), \\Tr{H n ) = ||Ttp|| = pn k / 2 + o(n k ^ 2 ), and \i\ = p 2t ~ n k2 ~ + o(n k2t ~ ), so \i\ = 

(i + (i))r'(i, . . . , if- 1 .^ 

Insert fix = p 2 n k2 + o(n k2 ) into (jSJ) to show that fii = o(n k2 ). Therefore, the 
conditions of Proposition [TJ] are satisfied, so 

IN - qJ4 = o(r(i, ...,!)) = o(^ fe/2 ), 

where g = n~ fe / 2 T(i, . . . , i). Using (JBj), g = Thus ||rff - qJ^\\ = A 2 , 7r (i^„) and 

the proof is complete. □ 

The above proof can be extended to even length cycles in the case when 7? = (^1,^2) 
is a partition into two parts. For these 7?, the matrix A[r|] can be shown to be positive 
semidefinite since A[t 2 } will equal MM T where M is the matrix associated to the bilinear 
map 7$?. Since A[r|] is positive semidefinite, each /ij > so any power of /i, is non- negative. 
For partitions into more than two parts, we don't know if the matrix A[r 2 ] is always 
positive semidefinite or not. 



6.2 Counting circuits in six uniform hypergraphs 

In this section, we explain the key ideas behind Proposition [13] by looking at the case of six 
uniform hypergraphs with 7r = (3,2,1). Throughout this section, for a finite dimensional 
vector space W over M, we denote by ex, ... , edi m (VK) the standard basis vectors; is a vector 
with a one in the ith coordinate and a zero everywhere else. 

First, return to matrices and bilinear maps and let A and B be square matrices and let 
and ip be the associated bilinear maps so 4>(x,y) := x 1 Ay and ip(x,y) := x T By. Now 
translate the matrix product AB into the language of bilinear maps: consider the i,jth 
coordinate of AB: 

n n 

Hi^ej) = efABej = J^(ef Ae p )(eJ J Be j ) = (j){e h e p )ifj(e p} e s ) (8) 

p=i p=i 

since the i,j-th entry is the dot product of the ith row of A with the jth column of B and 
e[Ae p is the pth entry of the ith row of A and elBej is the pth entry of the jth column of 
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B. If both and ip are the adjacency map, then ([8]) counts the number of walks of length 
two between i and j, since the product sums over all possible vertices p. 

Now consider a six-uniform, n vertex hypergraph H and let r = r# be the adjacency 
map of H. Let W be a vector space over R of dimension n = \V(H)\. Consider the map 
defined in Section [3j 

Tf.{W®W®W)x(W®W)xW^WL 

1 if {u, v, w, x, y, z) G E(H) 



^7t\^u §y &v ^jy, C x (K) Gyj C z j TyC U j C V} C W} &xt ^"yi ^z) 



otherwise 



(extended linearly to all of the domain). Motivated by the form of matrix multiplication 
in equation define the product of 7> with itself as the following map. This is a special 
case of the more general definition in Section 16.31 Let a, a' G W® 3 so a <g> a' G W m and let 
b, V G PF 02 so b <g> 6' G ty 04 . Define r* * r* as follows: 

r 9 * : IF® 6 x IF 04 ->• R 

n 

Tvf * Tjf(a <g) a, b <g> 6') := r^(a, 6, e^r^a', b' , e»), (9) 

i=l 

where the definition is extended linearly to all of the domain. The product t^*t^ (a®a!, b®b') 
will count the number of labeled copies of the hypergraph in Figure EJ 




Fi gure 6: Hypergraph counted by * 



Let xx, . . . , xe, yi, ■ ■ ■ , y± be not necessarily distinct vertices and define a = e Xl ®e X2 ®e X3 , 
a' = e X4 ® e X5 ® e X6 , 6 = e yi (g> e y2 , and 6' = e ya <g> e y4 . Then 

n 
8=1 

Thus * r,f(a <S> a', & <8> ft') counts the number of labeled copies of Figure [6] where vertex i is 
allowed to range over any vertex and the other vertices are fixed. 
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Next, we define the power of ri which will count steps of type tt. The following definition 
of rj is a special case of a more general definition in Section 1631 Let a, a', a", a'" 6 W® 3 and 
define rj as follows: 

r 4 . w m2 ^ R 

r 4 (a <S> a' <g> a" <g> a") := r3(a <g> a', e, <g) e,,- <g> e<? <g> e m )r|(a // <g a'", <g) Cj ® eg <g e m ). 

ij',£,m=l 

Note that the definition still takes a similar form to flE]) and fl9]) since the expression for (t|) 2 
sums over a basis of W^® 4 and takes the product of r| with r|. Expand out the definition of 
rJ to obtain 




Figure 7: SV, the hypergraph counted by rj 



Compare ( TT0|) and Figure [3 In the figure, each square vertex is actually a small cluster 
of three vertices, each filled circle is a small cluster of two vertices, and each diamond is a 
single vertex (recall that the step was defined by expanding Figure |3]). Pick twelve vertices 
(four groups of three vertices) for the squares in Figure [7] and define a, a', a", a'" G W® 3 as 
indicator tensors for these vertex groups. That is, a = e Xl ®e X2 ®e Xz if xi, x 2 , x 3 are the three 
vertices specified for the topmost square in Figure [71 Once we specify the twelve vertices for 
the squares and define a, a', a", a'", then ri(a £g> a' <E> a" <S> a'") counts the number of copies of 
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the step of type 7? with the square vertices fixed and the circle and diamond vertices allowed 
to range over all of V(H). This is easy to see from fllUp . since the expression sums over 
i,j,£,m,r,s and has a one if and only if all four edges drawn in the figure appear. Also, 
Figure [7J is drawn slightly differently but is the same as the hypergraph in Figure |3] so is the 
step Sjf. Lastly, notice that Figure [7] is two copies of Figure [6j one copy using a, a', and s 
and another using a", a'", and r. This reflects the fact that ri sums over the product of two 
rl 

Next, we would like to rearrange the inputs to r| to separate the attach tuples of the 
step. Note that a <8> a" is one of the attach tuples and a' ® a'" is the other attach tuple (each 
attach tuple is a tuple of six vertices). We would like to define a map which is the same as 
the map rj, but takes the 12-vertex tuple as two 6-vertex tuples of attach tuples. Define 
A[ri] to be the following matrix/bilinear map. 

A[ri] : W m x W m ->• R 
A[rp\ (a ® a", a (g> a") := ri (a <g> a (g> a" (g> a"). 

With these definitions, if ti»i,ii>2 G W® 6 are indicator tensors for 6-tuples of vertices, then 
A[t^](wi, w 2 ) counts the number of (possibly degenerate) steps of type 7? with specified attach 
tuples u>i and W2- In addition, since A[ri] is a bilinear map W® 6 x W® 6 — > R, it corresponds 
to a square matrix. Also, fflU]) shows that A[r|] is a symmetric matrix. 

The £th matrix power of A[t§\ counts walks of length 1i and type 7? by considering 
the form of matrix multiplication in flH]). Indeed, the product A[ri] f_1 A[r|] sums over the 
standard basis of W® e , which can be considered as summing over the possible 6-vertex tuples 
used for the internal attach points of a walk of length 2(£ — 1) and a step. Finally, the trace 
of A[ri} e then counts the number of walks of length 2£ with both attach tuples identified 
and these are exactly the circuits of length 21. 

6.3 Products and powers of multilinear maps 

In this section, we give the formal definitions of </> 2 * 1 and A[(f) 2t 1 ] for a t-linear map needed 
for the proof of Proposition [131 which appears in the next section. 

Definition. Let V\, . . . , V t be finite dimensional vector spaces over R and let <fi, ip : V\ x • • • x 
V t — > R be t-linear maps. The product of <p and ip, written <ft * ip, is a (t — 1) -linear map 
defined as follows. Let u±, . . . ,Ut-i be vectors where Ui G V*. Let {61, . . . ,&dim(Vi)} be any 
orthonormal basis of Vt . 

(f> * V : (^1 ® ^1) x ( v 2 ® V 2 ) x • • • x (Vt-! ® V t -i) -> R 

dim(V t ) 

* %p{Ui <8) V 1, . . • , U t -! ® T^-i) := 0(«l, . . • , tit_i, bj)^^!, V t -!, bj) 

3=1 

Extend the map <ft * ip linearly to all of the domain to produce a (t — 1) -linear map. 
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Lemma [24] shows the above definition is well defined: the map is consistent when extend- 
ing linearly and the map is the same for any choice of orthonormal basis {b\, . . . , &dim(v t )} of 
V t . 

Definition. Let V\, . . . , Vt be finite dimensional vector spaces over R and let : V\ X • • • X 
Vt — > R be a t-linear map and let s be an integer < s < t — 1. Define 

2 * : V® 2S x ■ ■ • x V®f -> R 

where 2 ° := and (j) 2 " := (j) 2 " 1 * 2S 

Note that we only define this for exponents which are powers of two because the product * 
is only defined when the domains of the maps are the same. An expression like 3 = 0* (0*0) 
does not make sense because and 0*0 have different domains. This defines the power 
2 , which is a linear map V® 2 — > R. In the next section, we will prove that rj counts 
the number of labeled steps of type n, similar to (TTUj) . As we saw in Section I6T2"| we need to 
"untangle" the attach tuples of the input to rj 

Definition. Let V\, . . . , Vt be finite dimensional vector spaces over R and let : V\ X • • • X 
Vt — > M. be a t-linear map and define A[<p 2 } to be the following square matrix/bilinear map. 
Let Mi, ... , u 2 t~2, vi, . . . , v%t-2 be vectors where Ui,Vi G V\. 

A\<f-'\ : Vf 2t ' 2 x Vf 2t ~ 2 -> R 
A[cf) 2t 1 )(ui (g) • • • <g) u 2 t-2, f i <E> . . . f2«- 2 ) := 2 ' 1 («i <8> v i ® «2 <8> v 2 ® • • • <8> «2«-2 ® f2«- 2 )- 
Extend the map linearly to the entire domain to produce a bilinear map. 

Lemma [241 from the appendix shows that the above definition is well defined, i.e. the map 
is consistent when extended linearly. By definition, A[<f) 2 ] is a square real valued matrix. 
The next lemma, which is also proved in the appendix, shows that it is symmetric. 

Lemma 16. Let V\, . . . , Vt be finite dimensional vector spaces over R. If<p '■ V\ x • • • x Vt — Y R 
is a t-linear map, then A[4> 2 ] is a square symmetric real valued matrix. 

6.4 Proposition I13t counting walks and circuits 

This section contains the proof of Proposition [T3J All of the ideas in the proof are contained 
in Section 16. 2\ which showed that t^, t 2 , and rj counted hypergraphs, in the sense that 
if indicator tensors of vertices are given as input, rj and r| count the number of some 
hypergraph where the vertices from the input are fixed and all other vertices are allowed 
to range over all of V(H). It is straightforward from the definition to see that similarly for 
general k and 7? and for < s < t — 1, r| s will count some hypergraph. Indeed, one can 
iteratively expand the definition of rj " to obtain an expression of the form 

^(•••) = E---I >(---) -;-^(---) - (ii) 

2 s 
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When the inputs to r| s are indicator tensors of vertices, the above expression counts some 
hypergraph since the sums are over bases and each basis vector can be thought of as the 
indicator tensor for some vertex tuple. Thus (Hip counts some hypergraph, where the specific 
hypergraph depends on how the inputs and summation indices are arranged on the right hand 
side of fflT]) . The proof in this section comes down to showing that the hypergraph which is 
counted by r| is the step S^. We do this by induction by describing exactly the hypergraph 
counted by r| s , which is the following hypergraph. 

Definition. For tt = (1, . . . , 1) with t parts, let < s < t — 1 and define the hypergraph D^^ 
as follows. Let Ax, ... , A t _ s be disjoint sets of size 2 s where elements are labeled by binary 
strings of length s and let B t _ s+ i, . . . ,B t be disjoint sets of size 2 S ~ 1 where elements are labeled 
by binary strings of length s — 1. The vertex set of is AiO ■ ■ ■ UA t _ s UB t _ s+ iU ■ ■ ■ UB t . 
Make ai, . . . , a t - s , b t - s +i, . . . , b t an edge of D^^ if ai e A i; bj G Bj, the codes for a±, . . . , a t - s 
are all equal, and the code for b t ^ s+ j is equal to the code formed by removing the jth bit of 
the code for a% . 

For a general 7? = (ki, . . . , k t ) , start with -D(i,....i) )S and expand each vertex into the ap- 
propriate size; that is, a vertex in A^ is expanded into ki vertices and each vertex in Bj is 
expanded into kj vertices. In D^^ s , each vertex in Ai is labeled by a pair (c,z) where c is a 
bit string of length s and z € [ki] . We call z the expansion index of the vertex. 

The hypergraph D^ j0 is a single edge and the hypergraph D^ yt -i is by definition the step 
Sjf. The following lemma precisely formulates what we mean when we say that r| 3 counts 
the hypergraph D^ s . 

Lemma 17. Let H be a k-uniform hypergraph, tt a proper ordered partition of k with tt = 
(k\, . . . , kt), and let < s < t — 1. Let W be the vector space over R of dimension \V(H)\ 
and let r be the adjacency map of H . Let A%, . . . , A t - S , Bt- s +i, . . . , B t be the vertex sets in 
the definition of D^ s and let A be any map A 1 U - • • U A t _ s — > V(H). Then rj counts the 
number of labeled, possibly degenerate copies of D^ s extending A as follows. 

Let a^i, . . . ,cii,ki2 3 be the vertices of Ai ordered first lexicographically by bit code and then 
for equal codes ordered by expansion index. Let \i be the indicator tensor in W® ki2S for the 
vertex tuple (A(a ii i), . . . , A(aj i fc i 2 s ))- Then r| s (xi, • • • , Xt-s) is the number of edge-preserving 
maps V(Drf tS ) — > V(H) which are consistent with A. 

Proof. By induction on s. The base case is s = 0, where D^^ is a single edge, there are no 
.B-type sets, and thus A is a map V{D^ q) — > V(H). The number of edge preserving maps 
extending A is either zero or one depending on if the image of A is an edge of H or not . But 
Tj?(xi, ■ ■ ■ , Xt) equals zero or one depending on if the vertices defining the indicator tensors 
Xi form an edge, exactly what is required. 

Assume the lemma is true for s; we will prove it for s + 1. Denote by A\, . . . , A t ~ s -i, B t - S , 
. . . , B t the sets in the definition of -D^s+i and Ai, . . . , A t ^ s , B t - s +i, ■ ■ ■ , B t the sets in the 
definition of <s . Let A be a map Ai U • • • U A t _ s _i — > V(H) and let Xi, ■ ■ ■ > Xt-s-i be the 
indicator tensors for the image of A ordered as in the statement of the lemma. Since Xi is 
an indicator tensor in w® ki2S+ , it is a simple tensor so Xi = Xi ® Xi f° r Xi-,x\ W® ki2S . 
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Note that Xi is the indicator tensor for the image under A of the vertices of >s+1 whose 
code starts with zero and x'i is the indicator tensor for the image under A of the vertices 
whose code starts with a one, since the definition of Xi sorted the vertices in the image 
lexicographically. 



• • 




(a) Af, s+ i (b) L> ff , s 



d 

r f + \xi ® xi, • • • , Xt-»-i ®x't- s -i) = ^2 T t (Xi, ■ ■ ■ iXt-s-uWj)^ 3 (x'i, ■ ■ ■ ,x't- s -i,Wj) 

i=i 

(12) 

Figure 8: The induction step of Lemma [T7I 

Consider the expansion of the definition of tJ 3+1 (xi, ■ ■ ■ , Xt-s-i) shown in (fT2l) in Figured! 
the tensors x% are split into Xi an d Xi an d we sum over the standard basis {w\, . . . ,Wd} of 
W® kt - a2 \ where d = dim(W® kt - s2S ). This is a generalization of Section [6721 where ([9]) was 
compared with Figure [6] and ( fTOl) was compared with Figure d where Figure [6] corresponds 
to Figured] (b) and Figure [7] corresponds to Figured] (a). We can consider the tensor Wj in 
f|T2|) to be the indicator tensor of a tuple of k t _ s 2 s vertices. 

Definition. We now describe two embeddings of into D^ s+1 . In Figured (a), these 
two embeddings are the dotted and solid lines. Let T : V(Djf s ) — > V(D^ be the following 
injection. For I < i < t — s — 1 and a G A i} set T (a) equal to the vertex in Ai whose code 
equals the code for a with a zero prepended to the code and the same expansion index. That 
is, a vertex in with label (1011,4) is mapped to the vertex in Aj with label (01011,4). 
For a G A t _ s , set T (a) equal to the vertex in B t _ s which has the same label as a. For 
t — s + 1 < j < t and b G Bj, set To (b) equal to the vertex in Bj whose code equals the 
code for b with a zero prepended to the code and the same expansion index. In other words, 
r adds a zero to the front of the codes except for vertices in A t - S whose code does not 
change. Define Ti : V(D^ ;S ) — > V(D^ tS+ i) similarly except prepend a one instead of a zero. 
In Figured (a), the dotted lines represent r and the solid lines represent Ti. 
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Claim: T and r x are edge preserving injections and every edge in Dj? iS+ i is in the image of 
T or ri but not both. 

Proof of Claim. Let E be an edge in D^^. For l<i<j<t — s — 1 and a { e Ai C\ E 
and a,j G Aj fl E, since E is an edge of D^ s the code for equals the code for aj. This 
implies that the codes for r (aj) and T (aj) are equal since both had a zero prepended. Now 
consider b G A 4 _ s fl 2£ which is mapped to B t - S . The conditions for r (£') an edge of Djf )S+ i 
requires that the code for T (b) equals the code formed by deleting the first bit of T (a) 
where a G A\ fl E. But the code for a equals the code for b since both are in A-type sets 
in Drf^g and the map r adds a zero to the front of the code for a and leaves the code for 
b alone. Thus the code for T (b) equals the code formed by deleting the first bit of T (a). 
Lastly, consider b G Bj fl E for t — s + 1 < j < t and consider deleting the (j + l)-th bit 
of the code for r (a). This is the same as deleting the j-th bit of a since T (a) had a zero 
prepended. But deleting the jth bit of a equals the code for b, since a, b G E G E(D^ tS ). 
Thus deleting the (j + l)th bit of T (a) is the code for r (6). We have now checked all the 
conditions, so Tq(E) is an edge of Djt )S+ i, i.e. r is edge preserving. Ti is edge preserving by 
the same argument. Finally, let E be an edge of D^ tS+ i and pick a G E fl A\. If the first bit 
of the code for a equals zero, then E is in the image of To and if the first bit of the code for 
a equals one, then E is in the image of IY This concludes the proof of the claim. □ 

This claim implies that any edge-preserving map extending A is formed from two edge 
preserving maps V{D^ tS ) — > V(H) each extending the appropriate restriction of A. Start 
with A and extend arbitrarily to a map A : AxU- ■ ■ UA t - s -i U-B t _ s — > V(H). Next define Ao 
and Ai as maps A\ U - • • U A t - S — > V(H) such that A = A o r and Ai = A o Til^, where 
A — Ax U- • ■ UAi_ s so TqIa is the map T restricted to the A-type sets in D^ s . By the claim, 
the number of edge-preserving maps extending A equals the sum over A of the product of 
the number of edge-preserving maps extending Ao and extending Ai. This is because any 
edge preserving map extending A can be composed with r and Ti to create edge preserving 
maps extending A and Ai, and since r and Ti are injections covering all edges of D^ >s+ i, 
this can be reversed. The last step in the proof is to show that this is exactly what ffT2]) 
counts. 

Let &fe t _ a 2 s be the vertices of B t _ s listed first in lexicographic order of codes and 

then by expansion index. Let w be the indicator tensor in \y® k t-s 2S f or the vertex tuple 
(A(6i), . . . , A(b kt _ s2 s)). Note that as A ranges over all possible extensions of A, w ranges 
over the standard basis of W® kt - a2 ° . Now xu ■ ■ ■ , Xt-s-i,w are the indicator tensors repre- 
senting the image of the map Ao, since as mentioned above, . . . , xt-s-i ar e the indicator 
tensors for the image under A of the vertices whose code stars with a zero. Similarly, 
Xi, ■ ■ ■ , Xt-s-ii w are the indicator tensors representing the image of the map Ai. Thus by 
induction, r| s (%i, . . . , Xt-s-i, w) is the number of edge-preserving maps extending A and 
tJ"(xi, • • • , Xt-s-ii w ) i s ^ ne number of edge preserving maps extending Ai. By the claim, 
this implies that the product 

tJ S (xi, ■ ■ ■ , Xt-s-i,w)T?(x'i, Xt-s-l, W ) 
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counts the number of edge-preserving maps extending A. Thus ([12]) sums over the choices 
for A extending A of the number of edge-preserving maps extending A. This sum is exactly 
the number of edge-preserving maps extending A, so the proof is complete. □ 

Corollary 18. Let H be a k-uniform hypergraph, ft a proper ordered partition of k with 
7r = (ki, . . . , k t ) , and let £ > 2 be an integer. Let W be the vector space over M. of dimension 
\V(H)\ and let r be the adjacency map of H. Let ai, . . . , a kl2 t-2, a[, . . . , a' k 2t _ 2 be (not nec- 
essarily distinct) vertices of H and let £ and £' be the indicator tensors in W kl2t 2 for the 
tuples (ai, . . . , Qfe 1 2*-2) and (a' 1; . . . , a' k 2t _ 2 ) respectively. Then A\fi ](£,£') is the number 
of labeled, possibly degenerate steps of type n in H with attach tuples (ai, . . . , a^*- 2 ) and 
(a[, . . . , a' k 2 t-a)- -A/so, ^.[t| £') £/ie number of labeled walks of length 2£ and type 7? 

uiit/i attach tuples (a 1; . . . , a^t- 2 ) and (a[, . . . , a-' fcl2 t-2)- 

Proof. The proof is by induction on i. First, consider the base case of i = 1, where the path of 
length two and type n is the step of type 7?. Let A be the vertex set from the definition of the 
step Sjf. Define a mapping A : A — > V(H) by mapping the attach tuples of to the tuples 
(a 1; . . . , ajfe 1 2*- a ) an d • • • , a' k 2t _ 2 ) in V(H). By definition, the first attach tuple of is 
the vertices ending with a zero and listed in lexicographic order and the second attach tuple 
of Stf is the vertices ending with a one and listed in lexicographic order. This implies that 
the indicator tensor xi from the statement of Lemma [T71 is the indicator tensor in W® kl2 
for the tuple (ai, . . . , a^, a 1( . . . , a kl , a kl +i, • • • , a fcl+1 , • • • > a 2fci> • • • > a fci2*-3 + i, . . . , a fcl2 t-2, 
a fc 2*- 3 +i> • • • ' a fci2*- 2 )' s i nce eacn attach tuple is in lexicographic order but the last bit is zero 
or one so the full ordering alternates between attach tuples. By the definition of A\f$ 1 ] 
and the indicator tensors £, Xij A[t 2 ](£,£') = (xi)- Thus Lemma [T71 applied with 
s — t — I shows that the number of edge-preserving maps extending A is A[ri ](£, f), but 
by the definition of A, this is exactly the number of labeled, possibly degenerate steps of 
type 7? with attach tuples (ai, . . . , a kl2 t-2) and (a[, . . . , 2t _ 2 ). 

Next assume that the corollary is true for £; we will show that it is true for £ + 1. Using 
the form of matrix multiplication in (jSj), let {d±, . . . , d dim ^ w ^ kl2 t-2^} be the standard basis of 

dim(W» fc i 2 *" 2 ) 

A[rrr\U) = E ^[rrY(e,^)A[rn^,n. (13) 

i=l 

Each standard basis vector <ij can be thought of 2* -tuple of vertices which corre- 

sponds to one of the two attach tuples. Thus (ITS]) sums over the internal attach tuple for a 
walk of length 2£ and S#. □ 

Proof of Proposition ITR Since A\rf 1 } e counts the number of walks of length 2£, the trace 
counts circuits. If {d\, . . . , d dim ^ wS)kl2 t-2^} is any orthonormal basis of W® kl2 , the trace of 

the matrix A[t~ ]^ is 

dim(iy® fc i 2t_2 ) 

= E ^rY^x). 

i=l 



Tr 



L 7T 
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If {di, . . . , d di m ( W -®fe 1 a*-a\} is the standard basis, each di corresponds to a tuple of fci2'~ 2 
vertices, so the above expression is the number of walks of type tt with both attach tuples 
equal to d^ □ 



7 Applications of Hypergraph Eigenvalues 

In this section, we prove Theorem [7] on Sidorenko's Conjecture [63J and prove Theorem [HJ 
showing that there exists a polynomial-time algorithm certifying hypergraph quasirandom- 
ness. 

Proof of Theorem^ Let k > 2, let tt = k\ + • ■ ■ + k s be a proper partition of k, let I > 1, 
and let G be a fc-uniform hypergraph with n-vertices and e edges. Then by definition of 
t H (G), 

k\e ^{labeled, possibly degenerate C n u in G} 
t K k {G) = ^ and t c „ i4t {&) = n \v(c nAe )\ ; • 

Let m = \E{Cir,u)\i so ^(C^)! = mk/2 since the cycle is two regular. We would like to 
prove that tc w4e (G) > tK k (G) m , which is equivalent to 



fk\e\ m ( 

^{labeled, possibly degenerate C^ t u in G} > I — J n mk/2 = I 



k\e 

k/2 



n 



By Proposition [13], the number of labeled, possibly degenerate C^m in G is the trace of 
^[ t tT ) 2e - Let A = A[r^ s ], let 1 be the all-ones vector scaled to unit length, and let 
fit, . . . , fid be the eigenvalues of A arranged so that |/^J > - • • > |/^|. Then since \xf > 
and using Lemma [151 and that m = \E(C nt 4e)\ = 2£2 S_1 , we have that 

(^)™=Wi,...,i)r<INr<Mf<^[^], 

completing the proof. □ 

We now turn our attention to Theorem [HJ which is proved by the following algorithm. 

Algorithm 1. On input k > 4, e, rj > 0, and a k-uniform hypergraph H with m edges and 
n vertices, 

• Let tt = [k/2\ + \k/2\. 

• Define i as follows: 



' ^ if k is even, 



\h ' (14) 

otherwise. 



Ay/k-2 

Let N be the number of labeled circuits of type tt and length 41 in H . 
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IfN < (l + v)(k\ 



) m n 



2lk 



then output Quasirandom, otherwise output Unknown. 



Just counting labeled circuits directly, Algorithm [T] runs in time 0{n 2kl ) since C n ^i has 
2k£ vertices. For k even this is and for k odd is n°( fc3 2 \ Using Proposition [T3J an 

alternate way of counting labeled circuits is to compute the trace of A[t 2 ] 21 . The matrix 
A = A[t 2 ] can be computed in time 0(n 2k polylogn) since there are n 2 ^ k ' 2 ^ basis vectors on 
which to evaluate * and each evaluation takes 0(nl" fc//2 l) multiplications. Note that the 
maximum size of entries of A is n 2kl . Since A is an n 2 ^/ 2 ! x n 2 ^/ 2 ! -matrix, using repeated 
squaring we can compute A 21 in time 0(n kuj log £ polylogn), where u is the exponent for 
matrix multiplication. Thus Algorithm [1] runs in time 0(n kuJ polylogn). 

Theorem 19. Let k > 4 and e, 5 > be given. There exists a constant rj > depending 
only on 5 and k such that the following holds. If on input k, e, rj, and a k-uniform, n-vertex, 
m-edge hypergraph H Algorithm^ outputs Quasirandom, then for all S\ C (j^-j) and all 

^2 L { [k/ 2l)> 



In addition, if 



e(Si, S2) — ISiHS^i 



n 



k/2 



(15) 



V 



> 



n 



n 



-k/2+e 
-k/2+Vk 



if k is even, 
otherwise, 



(16) 



then with probability going to one as n goes to infinity, for a hypergraph H drawn from the 
distribution G^ k \n,p), Algorithm^ on input k, e, r\, and H outputs Quasirandom. 

Proof of the correctness of Algorithm^ We prove that if Algorithm [1] outputs Quasirandom 
then the expansion property f[T5]) holds. Let k, e, 5, ir, and £ be defined as in the theorem 
and let H be any fc-uniform hypergraph with m edges and n vertices. We need to prove 
that there exists an rj > so that if the number of labeled circuits of type 7r and length 
4£ is at most (1 + i))(l;!) 4, m n" 2ft , then ( fl5|) holds. This proof is very similar to the proof 
that Cycles [71"] =>- Eig[7r] on page [241 and we use the same notation. Let 1 denote the all- 
ones vector scaled to unit length, let A = A[t%], and let ui, . . . , fid be the eigenvalues of A 
arranged so that > • ■ ■ > \fid\- Since fi 2e > 0, Proposition [131 implies that 

Hi < Hi + H2 < Tr [A 21 ] = #{possibly degenerate G vM in H} < (1 + rj) 1 ^ . (17) 



Using Lemma H5l and ( TT71) . we have that 
k\m 



n 



k/2 



7*(1,...,1) < ||r^|| < < (1 +r]) 



1/U 



k\m 
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Combining this with ( ITT)) , we obtain 
k\ 2 m 2 

< Mi < + 



l/2£ 



k\ 2 m 2 



rr 



rr 



and /i2 < ^ 



1/21 



k\ 2 m 2 



rr 



Since 7^(1, . . . , l) 2 



fc! 2 m 2 



Proposition [H] implies that given 5 > 0, it is possible to choose 
i] > such that X 2)7T (H) = ||r^ — gJ^H < 5^172. Finally, the Hypergraph Expander Mixing 
Lemma (Theorem [10]) shows that for all Si C j) and all S2 C (j^j) 



6(5*1, 5*2) - ^|5'i||S' ; 



5m 



□ 



All that remains to prove Theorem [19] is to prove that for almost all fc-uniform hyper- 
graphs with probability satisfying ( ITS"]) , Algorithm [TJ outputs Quasirandom. This is proved 
in two steps; let G be a hypergraph drawn from the distribution G^(n,p). We first prove 
that the expected number of labeled circuits in G is (1 + o{l))p u n 2M (note that C^^i has 
4£ edges and 2k£ vertices, but the proof is complicated by the presence of degenerate cy- 
cles). Second, we use the second moment method to prove that with high probability the 
number of labeled circuits in G is close to the expectation. This in turn will imply that 
w.h.p. Algorithm [TJ outputs Quasirandom, since w.h.p. \E(G)\ = (1 + o(l))pQ) so that 
w.h.p. {l + o{l))p u n 2M = (l + o{l)){k\) u \E{G)\ u n- 2M , which is the bound checked by Algo- 
rithm [TJ A degenerate cycle of type tt and length 4£ is a fc-uniform hypergraph H for which 
there exists an edge-preserving surjection : V{C^^ — > V(H) where is not an injection. 

Lemma 20. Let k > 2, £ > 1, and tt = \_k/2\ + \k/2] . Let H be a degenerate cycle of type 
tt and length 4£ with v vertices and e edges. Then 

ifv>2£ m + Lfj, 

otherwise. 




Proof. Let : V(C n ^i) — > V(H) be an edge-preserving surjection. Let 
edges of C n ^£, so that 0(-Ei), . . . , 0(Kt£) are the edges of H (possibly with 
is edge-preserving, \4>(Ei) fl 4>(E 2 ) | > [k/2\ so if 4>{E 2 ) is a distinct ed{ 
4>(E 2 ) has at most \k/2] vertices outside 0(-&l). Similarly, if 4>(E 3 ) is an 
from (f>(Ei) and <f)(E 2 ) then it can have at most \k/2~\ vertices of H outside 
0(^3) must intersect <p(E 2 ) in at least \_k/2\ vertices. In general, if <fi{Ei) 
from 0(£a), . . . , 4>(Ei-i) then it can have at most \k/2~\ vertices of H 
Since H has no isolated vertices (0 is an edge-preserving surjection), 



Ei, . . . , Eju be the 
repetitions). Since 
$e from <f)(Ei) then 
edge of H distinct 
0(£i)U0(£ 2 ) since 
is an edge distinct 
outside Uj^ip^Ej). 



v=\V{H)\= U0(£ 4 ) 



<^> v 

V 

Jk/2] 



< 10(^)1 + (e-l 

[k/2\ < e \k/2] 

v - [k/2\ < e 



= k 



1) 



;is) 



- 1 < 



\k/2] 
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Now assume that v > 2£ + I |J . We show that the lower bound on e from the previous 
paragraph can be improved by one. First, assume that for all i, there exists a j ^ i such 
that <f>(Ei) = 4>(Ej). Since each edge of H has at least two edges of CV )4 £ mapped to it, 
e = \E(H)\ < ■^\E{C ltt ^g)\ = 21. Define disjoint vertex sets A> . . . , C V(Ctt,4«) such that 
Ei = Ai U A+i for i < 4£ and Eu = An U A- Now define an auxiliary graph G as follows. 
First, set V(G) = {0(A) : 1 < i < 4£}. (Note this is somewhat subtle: for each set 0(A) 
we create a vertex of G, except if for some i ^ j we have 0(A) = 0(A) > in which case the 
same vertex of G is used. On the other hand, if 0(A) n 0(A) ^ but 0(A) 0(A)' then 
separate vertices of G are created.) For each hyperedge 4>(Ej) of H with i < 4£, add a graph 
edge between 0(A) and 0(A+i); in addition, add an edge between 0(A^) and 0(A)- The 
number of edges of G is the same as the number of hyperedges of H so \E(G) \ = e < 2£. Also, 
G is connected since if is a degenerate cycle. Since G is connected with at most 21 edges, 
G has at most 2£+ 1 vertices. Each vertex of G translates into at most \k/2] vertices of H, 
but if k is odd there must be at least one vertex of G representing a set of size [k/2\. Thus 
\V(H)\<2£ \k/2] + [k/2\, which contradicts our assumption that v > 2£ \k/2] + [k/2\. 

Thus we can assume that there exists some Ei such that for all j ^ i, <p{Ei) ^ 4>{Ej). By 
symmetry, relabel the edges of the cycle so that i — 1, i.e. for all j ^ 1, 0(-Ei) ^ 4>(Ej). One 
of the two (or both) of the following occur: 

• 0(A) cU w 0(A), 

• (pi^Eu) is distinct as an edge of H from 0(-&l), . . . , 4>{Eu-i)- 

Indeed, assume that 0(A) is not contained in Uj>i0(A)- Since <j)(Eu) includes 0(A) and 
<p(E 2 ) U • • • U (j)(E U -i) = U i>1 0(A), <i>(Eu) is distinct from 4>(E 2 ), . . - ,0(^-i)- But by 
assumption, <j)(E\) ^ 0(£ , 4 £), so that (f)(E^) is distinct as a hyperedge of H. 

Assume that 0(A) Q Ui>i0(A)j and consider the argument from the first paragraph: 
consider edges of the cycle one by one starting from E\. Each <p{Ej) which is distinct can add 
at most \k/2] new vertices to the union Ui<j<j0(A), since <fi(Ej) must share at least [k/2\ 
with <f>(Ej-i). Since 0(A) is a subset of Uj>i0(A), the inequality in (fTBj) can be improved 
to 



v = |Ui>i0(A)| < e 



Now assume that 4>(Eu) is distinct as an edge of H from 0(£a), - • • , <f>{Eu-i)- By definition, 
<t>{E±e) shares 0(A^) with 0(_E , 4 ^_i) and shares 0(A) with 4>{E\). Thus (f>(Eu) is a hyperedge 
of H distinct from 0(-&l), . . . , <f>{Eu-i) which does not use any new vertices. We can therefore 
improve the bound on the number of edges by one. □ 

Lemma 21. Let k be an even integer at least 4, e > 0, it = k/2 + k/2, and £ as defined 
in (|T4")) . For p > n~ k l 2+e , the expected number of labeled, degenerate circuits of type tt and 
length A£ in G^ k \n,p) is o(p u n 2kt ). 

Proof. We need to prove that for every degenerate cycle H of type 7r and length 4£ we have 
p\ E ( H )\ n \v(H)\ _ ^pii n 2kiy Indeed, the expected number of labeled copies of H in G^ k \n,p) 
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is p\ E ( H >\<n) v ( H '\ and there are constantly many degenerate cycles since £ and k are constants 
independent of n and p. Thus if p\ E W\n^ v ^ H ^ = o(p u n 2M ) for all H, the expected number 
of degenerate cycles is o(p 4£ n 2M ). 

Let if be a degenerate cycle of type 7r and length 4£ with v vertices and e edges. We 
need to prove that p e n v = o{p u n 2M ). Substituting in p, we need to prove that 



n v-f+ee = o(n 2ke^+Ue ] 



i.e. we need to prove that 



r-< (|-e) < 1^. (19) 



Case 1: v > Ik + §. By Lemma H2 e > f . If e = 4£, then # has the same number of 
edges as C^u but fewer vertices so trivially p e n v = o(p 4e n 2ke ). Thus e < A£ which implies 
that v < 2k£ — |, since the map <fi : V(C nt< u) — > V(H) must map at least two sets of size k/2 
in V(Cn t u) to the same vertex set in H. Inserting these bounds into (|T9|) and simplifying, 
we obtain 

fk \ 2v f k \ 2ve 2e / , n k\ An 

Case 2: v < Ik + |. By Lemma [20| we have that e > ^ — 1. Inserting these bounds 
into f|T9|) . we obtain 

e\--e)<v-[— e) = — + --€< — [£k + -)+--e 



2 ~ V k \2 J k 2 ~ k \ 2 2 



2& + * 



Thus to prove f[T9"j) . we require 



2£e + - < 4£e <^ — < £, 
2 4e 

which is true by the definition of £. □ 



Lemma 22. Let k be an odd integer at least 5, tt = [k/2\ + \k/2] , and £ as defined in (Tfj 
For p > n ~ k / 2 +^ > the expected number of labeled, degenerate cycles of type it and length A£ 
in G^ k \n,p) is o(p u n 2M ). 

Proof. Similar to the previous proof, we need to prove that pl^WIn'^^' = o(p 4i n 2ke ) for all 
degenerate cycles H. Let if be a degenerate cycle of type 7r and length 4£ with v vertices 
and e edges. Substituting in the value of p, we need to prove that 



e 



^ - Vk ) < UVk. (20) 
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Case 1: v>2£ \k/2] + [k/2\. In this case, Lemma [20] implies that e > vj \k/2]. If e = A£, 
then H has the same number of edges as C^ u but fewer vertices so trivially p e n v = o(p 4e n 2kt ). 
Thus e < At which implies that v < 2k£ — [k/2\, since the map : V(Ck,m) ~ > V(H) must 
map at least two sets of size \_k/2\ in ViC^^t) to the same vertex set in H. Starting from 
(120]) . plugging in these two bounds on v and e, and using that k > 5 we obtain 



( | \fk ) < r 



\k/2] V 2 ^ 



< 2ik 



k + 
k-1 



2v^ 



fc + 1 fc + 1 



+ 



• (21) 



Thus to prove f[2"0~j) . we require that f[2~Tj) is less than Aty/k. Solving for £, we obtain 



2ik- 



k-l 



1 - 



2\fk 



k+1 k + 1 



< 



AiVk 



2f* + *-2^-l 
4k - 8Vk 



Therefore, to complete the proof we need to check that the definition of i from from (j!4p 
makes this inequality true for all k > 5. 

Since 8kVk < Ak 2 and 8\fk < 26k for k > 5, 

8kVk + 8Vk < Ak 2 + 26k + 2. 

This implies that 

Ak 2 + 8kVk - 36k + 8Vk < 8k 2 - lOfc + 2 

which implies that 

(Jfe + AVk - l)(4k - 8-v/ifc) < (2k 3/2 + k - 2v^ - l)(4>/jfe - 2) 

k+1 2k 3 / 2 + k - 2^k - 1 

+ 1 < - 



Since 



k+1 



A\[k-2 
holds. 



Ak-8\fk 



Case 2: v < 2£\k/2] + |fc/2j. In this case, Lemma ED] implies that e > «/ \k/2] - 1. 
Plugging these two bounds into ( 1201) . we obtain 



r — < | - - Vk ) < r 



\k/2] 



- 1 



(^2£ 


~k~ 




fc 




+ 






2 


_2_ 



Vk 
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Since 1 - l/\k/2\ (k/2 - Vk) = 2sg±l j continues as 



Therefore, to prove (1201) we must prove that 



2^V& + ^+~ + ~ 



2iVk + £+- + -<AiVk £> . 

2 2~ ~4\/fc-2 

which is true by the definition of i. □ 



Proof of Theorem [73 We need to prove that for all rj > and for p defined as in ffT6]) , 
with probability going to one as n goes to infinity, a graph G drawn from the distribution 
G^(n,p) has the following property: the number of labeled circuits of type 7r and length 
4£ in G is at most (1 + rj)(k\) 4i \E(G)\ 4t rr 2ke . With high probability, \E(G)\ = (1 ± . 
Therefore, we need to prove that with high probability the number of labeled circuits in G 
is at most (1 + ^)p u n 2M . 

We prove this in two stages. First, we prove that with high probability the number 
of labeled, degenerate cycles is upper bounded by ^p u n 2M . This is just the first moment 
method as follows. Let Y be the number of labeled, degenerate cycles in G. By Markov's 
Inequality, 



P 



Y > 



rjp u n 2k£ 1 < 4E[y] 



4 



7]p i£ n 2k£ 



Lemmas and prove that the right hand side goes to zero as n goes to infinity, so with 
high probability the number of labeled, degenerate cycles in G is at most ^p 4e n 2H . 

We now use the second moment method to prove that with high probability, the number 
of labeled (non-degenerate) cycles is concentrated around its expectation. First by the 
definition of p, the expected number of cycles goes to infinity. For each list W of 2kl distinct 
vertices of G, define an event Aw as a W forms a labeled Cx,u i n G" . Using the techniques 
in Section 4.3], the second moment method then comes down to showing that for a list 
W, 



P t^' 

W'~W 



\A W ] = o(p M n 



2kt\ 



where W ~ W means that the events Aw and Aw 1 are dependent. 

Assume that W and W' are cycles in which share at least one edge and let W and 
W be the lists of vertices of W and W' respectively. Then we have that A w and A w > are 
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dependent. Let v be the number of vertices of W' which do not appear in V(W"). Since the 
cycle is two regular, there must be at least % edges of W' which are not in E(W). Thus 

f[A w/ \A w ] <p 2v ' k . 

There are at most n v choices for v vertices outside V(W"), so 

2ki-k 

A* < P 2v/k n v - (24) 

v=l 

The algebra in Case 1 of Lemmas [21] and [22] computed that if e and v are integers such 
that e > v/ \k/2] and v < 2k£ — [k/2\, then p e n v = o(p^n 2ke ). Since W and W must 
share at least k vertices, v < 2k£ — k < 2kl — \_k/2\ , so if we let e = 2v/k > v / \k/2] , then 
the computations in Case 1 of Lemmas [21] and [22] imply that p 2v / k n v = o(p u n 2kt ) for all 
1 < v < 2k£ — k. Since there are constantly many terms in the sum (1241) . A* = o(p u n 2ke ) 
which implies that with probability going to one as n goes to infinity, the number of cycles 
is at most (1 + j)p 4e n 2ke . Combined with the fact that with high probability the number 
of degenerate cycles is at most ^p Ae n 2ke , the number of labeled circuits in G is at most 
(1 + ^)p 4e n 2ke with high probability, completing the proof. □ 

Acknowledgements. The authors would like to thank Vojtech Rodl and Mathias Schacht 
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A Algebraic properties of multilinear maps 

In this section we prove several algebraic facts about multilinear maps, including Proposi- 
tion [14] and Lemmas [15] and [T6l Throughout this section, V and Vi are finite dimensional 
vector spaces over R. Also in this section we make no distinction between bilinear maps and 
matrices, using whichever formulation is convenient. We will use a symbol • to denote the 
input to a linear map; for example, if (f) : V\ x V% x V3 — > R is a trilinear map and x± G V\ 
and %2 G Vi, then by the expression <fi(x\, x<±, •) we mean the linear map from V3 to R which 
takes a vector x 3 G V 3 to <p(xi, x 2 , x 3 ). Lastly, we use several basic facts about tensors, all of 
which follow from the fact that we defined the tensor product of V and W to be the vector 
space over R of dimension dim(V) dim(W). For example, if x and y are unit length, then 
x £g> y is also unit length. 

Lemma 23. Let <p : V — > M. be a linear map. There exists a vector v such that <j) = (v, ■). 

Proof, v is the vector dual to <fr i n the dual of the vector space V. Alternatively, let the ith 
coordinate of v be 0(e$), since then for any x, 

<p{ x ) = <p (y^ e ^ ei ) = e ^ = e ^ ( Vj e ^ = v ^ ■ 

□ 

Lemma 24. Let (j), ip : V\ X • • • X Vf — > R be t-linear maps. The maps * ip an d ^[0 2 * 
are well defined. Also, * ip is basis independent in the sense that the definition of <p * ip is 
independent of the choice of orthonormal basis bi, . . . ,b t ofV t . 
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Proof. First, extending the definitions of <p * if> and A[(p 2t linearly to the entire domain 
(non-simple tensors) is well defined, since and if) are linear. That is, write each and 
in terms of some orthonormal basis and expand each tensor in (g> Vi also in terms of this 
basis. The linearity of <f> and if) then shows that the definitions of <f> * if) and A[(f) 2 ] are 
well defined and linear. To see basis independence of <f> by Lemma [231 the linear map 
(f)(ui, . . . , u t -i, •) : V t — > M equals (u', ■) for some vector u' . Similarly, if>(vi, . . . , v t , •) equals 
(v', •) for some vector v'. Then 

dim(Vt) 

(cf)*4)){u l ®vi,...,ut- 1 ®v t _ l ) = ^ (u',bi) (v',bi) = (u',v') . 

i=l 

The last equality is valid for any orthonormal basis, since the dot product of u' and v' sums 
the product of the ith coordinate of u' in the basis {&!,..., &dim(Vt)} with the ith coordinate 
of v' in the basis {&i, . . . , bdi m (v t )}- D 

Definition. For s > and V a finite dimensional vector space over WL, define the vector 
space isomorphism Tv, s '■ V® 2 " —> V® 28 as follows. If s = 0, define Tv,o to be the iden- 
tity map. If s > 1, let {bi, . . . ,&dim(v)} be any orthonormal basis of V and define for all 
(ii, . . .,i 2 *-i,ji, . . . , j 2 «-0 e [dim^)] 2 *, 

T v A b h ® b h <g> • • • ® 6 ia „_ 1 (8) 6^ ) = 6^ ® 6 4l <g> ■ ■ ■ ® 6^ ® &j a ._i . (25) 

Extend Ty tS linearly to all of V® 2 " . 

Remarks. Ty iS is a vector space isomorphism since it restricts to a bijection of an orthonor- 
mal basis to itself. Also, it is easy to see that Ty tS is well defined and independent of the 
choice of orthonormal basis, since each bi can be written as a linear combination of an or- 
thonormal basis {b[, . . . , b' dim , v ^} and ( )25l) can be expanded using linearity. For notational 
convenience, we will usually drop the subscript V and write T s for Ty yS . 

Lemma 25. Let <p : V\ x • • • x Vt — > K. be a t-linear map, let < s < t — 1, and let 
x x E Vf 2 \...,x t . s e V t ® 2 ; . Then 

2S (Xi, . . .,X t - s ) = 2S (r s (xi), . . . ,T s (x t -s))- 

Proof. By induction on s. The base case is s = where To is the identity map. Expand the 
definition of 2S+1 and use induction to obtain 

dim(Vf 2 /) 

4> 2S {xx®yi,...,x t -8-i<8>yt-8-i)= ^2 ( P 2S { x h---, x t-s-i,bj)(f) 2S {yi,...,yt- s -i,b j ) 

3=1 

dim(V®f) 

= 5^ ^"W^O* • • • ,r s (x t _ s _i),r s (6j))0 2S (r s (?/i), . . . ,r a (y t _ a _i),r a (6 i )). 

3=1 
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But since T s is a vector space isomorphism, {T s (&! ),..., r s (6 dim ^®2^)} is an orthonormal 



basis of V t _ s . Thus Lemma 1241 shows that 

dim(V® a /) 

2S (r s (xi), . . . , r s (xi_ s _i), r s (6 3 ))0 2S (r fl (yi), . . . , r a (j/ t _ a _i), r,^)) 
= 2S (r s (xi) <g r s (yi), . . . , r s (xt_ s _i) ® r a (y t - s -i)) 

Finally, r s (xj) <g T s {y%) — ^s+i(x% (g 2/i) (write Xj and 2/i as linear combinations, expand 
r s+ i(xi <g yi) using linearity, and apply (j2HJ)). Thus 23+1 (xi g) 2/1, • • • ,x t _ s _i <g y t - a -x) = 
2S+1 (r s+ i(a;i <g j/i), . . . ,r s+ i(xt_ s _i <g 2/t-s-i)), completing the proof. □ 

Proof of LemmalJM Let <p : V\ x ■ ■ ■ x V t — ^Rbea t-linear map. A[<f) 2t 1 ] is a bilinear map 
from Vf 2 x V® 2 -> R and so is a square matrix of dimension dim(Vi) 2 . Lemma [25] 
shows that A[(p 2 ] is a symmetric matrix, since 

A[0 2 ' ] (xi <g • • • <g x%t-2,yi g> • ■ ■ <g 2/2*- 2 ) = 2 * 1 (zi <g 2/1 <g ■ ■ ■ ® x 2 *-2 <8> 2/2*- 2 ) 

= 2 ' -1 (r(ari g) 2/1 <g • • • <S> x 2 t-2 <g> y 2 t-2)) 

= 2 * 1 (2/1 <g> Xi <g • • • <g> 2/ 2 t-2 (g x 2 *-a) 

= A[0 2 ' ]{y x (g) - • • (g y 2 t-2,x 1 ig • - • <g x 2 *-a). 

The above equation is valid for all Xj, 2/1 £ Vi, in particular for all basis elements of Vi which 
implies that A [(f) 2 }(w , z) = A[(f) 2 ](z, w) for all basis vectors w, z of V"® 2 . Thus A [<p 2 ] 
is a square symmetric real-valued matrix. □ 

Lemma 26. Let <fi : V\ x ■ ■ ■ x V t — > K be a t-linear map and let X\ € Vi, . . . , Xt £ Vt be unit 
length vectors. Then 



|0(xi,...,x t )| 2 < |</> 2 (xi<gxi,...,x 4 _i<gx 4 _i 

Proof. Consider the linear map 0(xi, . . . , x t -i, ■) which is a linear map from V t to BL By 
Lemma [231 there exists a vector w 6 such that <f>(xi, . . . ,x t -i, •) = (w, •). Now expand 
out the definition of 2 : 

2 (xi (gxi, . . . , x t -i (g x t -i) = ^2 |0(xi, . . .,x t -i,bj)\ 2 = ^2\{w,bj)\ 2 = (w,w) 



where the last equality is because {bj} is an orthonormal basis of V t . Since \\w\\ = ■sj (w, w), 

\4> 2 {xi (g Xi, . . .,X t _i g) x t _i)| = |(u>, w)\ = 



w 
\\w\ 
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But since x t is unit length and (w, •) is maximized over the unit ball at vectors parallel to w 



w. 



(so maximized at w/ \\w\\), 

W{x 1 <S>X!,.. .,X t -\ ® Zt-l) 



> | (w, x t )\. Thus 



UK 



W 



\w\ 



> \(w,X t )\ 2 = |0(xi, . . . ,X t )\ 2 . 



The last equality used the definition of w, that (f>(xi, . . . , x t -i, •) = (w, ■). 



□ 



Lemma 27. Let <fi : V\ x • ■ ■ x V t — > R be a t-linear map and let X\ G Vi, . . . , xt G V* fre wmi 
length vectors. Then for < s < t — 1, 



x ± , . . . ,rc t _ s <g> ■ ■ ■ <g> x 4 _ s ) 



2 s 



which implies that 



\(/)(xi, . . .,x t )f 1 < 



Xi, Xi ® ■ • • <g> Xi) 



Proof. By induction on s. The base case is s = where both sides are equal and the 
induction step follows from Lemma [261 By definition of A[<f) 2 }, 



A[(f) 2 ]{x\ <g> • • • ® xi,x\ 



x i, 



2 t-2 



2 t-2 



2 ' Ol 



X lj 



2 t-l 



completing the proof. 



□ 



Proof of Lemma [751 Pick xi,...,a; f unit length vectors to maximize <fi, so 
Then Lemma [27| shows that 



x t 



2 t ~ 1 



A[ 



L ] (xi <g> ■ ■ ■ ® xi, xi (g) ■ ■ • <g> a^i) 



2*- 



Since xi £g> ■ ■ 
norm of A[0 2 



xi is unit length, the above expression is upper bounded by the spectral 

□ 



Lemma 28. Let {Mrj^co be a sequence of square symmetric real-valued matrices with 
dimension going to infinity where A 2 (M r ) = o(Xi(M r )). Let u r be a unit length eigenvector 
corresponding to the largest eigenvalue in absolute value of M r . If {x r } is a sequence of unit 
length vectors such that \xjM r x r \ = (1 + o(l))Ai(M r ), then 

\\u r — x r \\ = o(l). 

Consequently, for any unit length sequence {y r } where each y r is perpendicular to x r , 

\yjM r y r \ =o(X 1 (M r )). 
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Proof. Throughout this proof, the subscript r is dropped; all terms o(-) should be interpreted 
as r —¥ oo. This exact statement was proved by Chung, Graham, and Wilson [T5], although 
they don't clearly state it as such. We give a proof here for completeness using slightly 
different language but the same proof idea: if x projected onto u 1 - is too big then the 
second largest eigenvalue is too big. Write x = av + (3u where v is a unit length vector 
perpendicular to u and a, /3 G C and a 2 + (3 2 = 1 (since u is an eigenvector it might have 
complex entries). Let <j)(x,y) = x T My be the bilinear map corresponding to M. Since 
u T Mv = \]U T v = Ai (u,v) = 0, we have <p(u,v) = 0. This implies that 

4>(x, x) = 4>(av + (3u, av + (3u) = a 2 (p(v, v) + (3 2 (fi(u, u) + 2af3(f>(u, v) 
= a 2 (fi(v, v) + [3 2 (fi(u, u). 

The second largest eigenvalue of M is the largest eigenvalue of M — Xi(M)uu T which is the 
spectral norm of M — \i(M)uu T . Thus 

\cj)(v,v)\ = \v T Mv\ = \v T (M - Ai(M)mm t )w| < A 2 (M). (26) 

Using that <j)(u,u) = Ai(M) and the triangle inequality, we obtain 

\<f)(x,x)\ < a 2 X 2 (M) +/3 2 Ai(M). (27) 

Since a 2 + /3 2 = 1, \a\ and \/3\ are between zero and one. Combining this with (|27[) and 
|0(x,x)| = (1 + o(l))Ai(M) and A 2 (M) = o(Ai(M)), we must have \0\ = 1 + o(l) which in 
turn implies that |a| = o(l). Consequently, 

||it — x|| 2 = (u — x,u — x) = (u, u) + (x, x) — 2 (m, x) = 2 — 2/3 = o(l). 

Now consider some |/ perpendicular to x and similarly to the above, write y = 710 + 5u 
for some unit length vector w perpendicular to u and 7, 5 G C with 7 2 + <5 2 = 1. Then 

0(2/5 y) — 0(7^ + Su, 'jw + Su) = 7 2 0(w, w) + 5 2 (fi(u, u) 

and as in (|2"B"|) . we have w)| < A 2 (M). Thus 

|0(2/,2/)|<7 2 A 2 (M) + 5 2 A 1 (M). 

We want to conclude that the above expression is o(\\{M)). Since A 2 (M) = o(Ai(M)), we 
must prove that |5| = o(l) to complete the proof. 

x — av\ 1/ x —a(y,v) 



5 = (y, u) = (y, X = ^((y,x)-a (y, v) ) 





But \a\ = o(l), \(3\ = 1 + o(l), and \\y\\ = \\v\\ = 1 so \S\ = o(l) as required. □ 

Lemma 29. Let J : V\ x • ■ • x V t — >■ K be the all-ones map and let lj be the all-ones vector 
in Vi. Then for all xi, . . . , x t with Xi^Vi, 

J(xi, . . . ,x t ) = ( li,xi ) • • • (lt,xt) ■ (28) 
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Proof. If xi, . . . , x t are standard basis vectors, then the left and right hand side of (1281) are 
the same. By linearity, (128 p is then the same for all x%, . . . , x t . □ 



Proof of Proposition Again throughout this proof, the subscript r is dropped; all terms 
o(-) should be interpreted as r — > oo. Let 1 denote the all-ones vector scaled to unit 
length in the appropriate vector space. Pick an ordering tt = (ki, . . . , k t ) of tt. The def- 
inition of spectral norm is independent of the choice of the ordering for the entries of tt, 
so — qJj?\\ is the same for all orderings. Let u>i, . . . , w t be unit length vectors where 
("07? — qJ^iwi, . . . , w t ) = II^t? — qJn\\ and write Wi = anyi + where i/i is a unit length 
vector perpendicular to the all-ones vector and aij,/3j G M. with af + (3f = 1. Then 

11-07? - qJn\\ = - qJz)(wi, . . . , w t ) = (V't? - g^7?)(«iyi + 0ii, a t y t + fid) 

= M<*iVi +/5il, - - - , a t y t + Al) - q dim(K) fc/2 J[ ( 29 ) 

The last equality used that i/i is perpendicular to 1, so Lemma [291 implies that if i/i appears 
as input to then the outcome is zero no matter what the other vectors are. Thus the only 
non-zero term involving is J#(l, . . . , 1) = dim(V r ) k ^ 2 . Note that -0(1, . . . , 1) = 0^(1, . . . , 1) 
since the all-ones vector scaled to unit length in V® ki is the tensor product of the all-ones 
vector scaled to unit length in V . Inserting q = dim(V^)~ fe ' 2, 0if(l, . . . , 1) in f[2"9l . we obtain 

\\ifa-qJ*\\ = M<xm + Pd,---,°M + Pti) - ---A)- (30) 

Now consider expanding ip^ in fl30l) using linearity; the term (Yl A)^ (L •••)!) cancels, so 
all terms include at least one y^. We claim that each of these terms is small; the following 
claim finishes the proof, since ||0,? — qJj?\\ is the sum of terms each of which o(ip(l, . . . , 1)). 

Claim: If Z\, . . . , Zi-%, z i+ i, . . . , z t are unit length vectors, then 

\lp^(z!, . . . , Zi-!,yi, z i+ i, . . . , Zt)\ = o(0(l, . . . , 1)). 

Proof. Change the ordering of tt to an ordering tt' that differs from tt by swapping 1 and i. 
Since ip is symmetric, 

, z i-li Vii z i+li ■ ■ ■ i z t z 2i ■ ■ ■ i z i-\i z li z i+li ■ ■ ■ i z t)- (31) 

Therefore proving the claim comes down to bounding ip^(yi, z 2 , ■ ■ ■ , Zt, z i+ i, . . . , z t ), 
which is a combination of Lemma [27] and Lemma [2S] as follows. For the remainder of 
this proof, denote by A the matrix A[-0|/ ]. By assumption, we have A2(^4) = o(Ai(A)) so 
Lemma [281 can be applied to the matrix sequence A. Next we would like to show that we can 
use 1 for x in the statement of Lemma [28] i.e. that A(l, 1) = (1 + o(l))Xi(A). By Lemma [271 
and the assumption Xi(A) = (1 + o(l))-0(l, . . . , l) 2 , we have 

Mi, • • • , i)f 1 < i)| < Ai(A) = (i + o(i))^ (i, • • • , i) 2 " 1 • 
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Using the definition of ip^, we have ■■■,!■) = ^(1, . . . , 1), which implies asymtotic 

equality through the above equation. In particular, |A(1,1)| = (1 + o(l))Xi(A) which is 
the condition in Lemma for x — 1. Lastly, to apply Lemma we need a vector y 
perpendicular to 1. The vector y% ® ■ ■ • ® y% G V^ ki2 is pependicular to 1 (in V® ki2 ) 
since yi itself is perpendicular to 1 (in V®*). Thus Lemma [281 implies that 



A{yi® ■ ■ ■ ® y h yi® ■ ■ ■ ® yi) 



2*- 



o{Xi{A)). 



(32) 



Using Lemma [27] again shows that 



A Q/j g • ■ ■ g y, , ^ g ■ • • g yj ) 

2 t-2 2 '- 2 



Combining this equation with ( I3T1) and ( 1321) shows that IV'tK^i, • • • , Zi-i, -Zj+i, • • • , ^t) | 2 = 
o(Ai(A)). By assumption, Xi(A) = (1 + o(l))ip(l, . . . , l) 2 , completing the proof of the 
claim. 

□ 
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